Periodic solutions of piecewise affine gene network models: the case of a negative feedback loop by Farcot, Etienne & Gouzé, Jean-Luc
HAL Id: inria-00112195
https://hal.inria.fr/inria-00112195v5
Submitted on 14 Nov 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Periodic solutions of piecewise affine gene network
models: the case of a negative feedback loop
Etienne Farcot, Jean-Luc Gouzé
To cite this version:
Etienne Farcot, Jean-Luc Gouzé. Periodic solutions of piecewise affine gene network models: the case
of a negative feedback loop. [Research Report] RR-6018, INRIA. 2006, pp.22. ￿inria-00112195v5￿
appor t  
de  r ech er ch e 
IS
S
N
02
49
-6
39
9
IS
R
N
IN
R
IA
/R
R
--
60
18
--
F
R
+
E
N
G
Thème BIO
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Periodic solutions of piecewise affine gene network
models: the case of a negative feedback loop
Etienne Farcot — Jean-Luc Gouzé
N° 6018
Novembre 2006
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
 
	 "!$#%&'()+*-,./	0+12'!
3!45&!6+87"9	5:!*-
$
;6<>=@?BAAC?EDGF(H>IKJ(<
∗ LNM ?BF(A+OPQCISRTJUQCVKW †
XY[Z]\_^`'acbed-fhgjilkcZ \/^>im[nporqporsKnptBu[^>i
vNwcoyxz^k|{or\/oKwc^
}~y[(oKwlkj^$wc^]Y[^]wY[^UK[]Sdo9r^ \m[w^yrK$dK~rsr^>i
C] 9[yK akY[ni~y(^]wCkcY[^^ jnpilkc^]^~ru[np nkzgor U~6ilk~rm[q¡^(^ wn¡oj[np'orwm[n¡knpi[wo¢K^ ¤£9 ¥oKwG~6q~riiCoy ([np^] ^ ¦nil^
~9§
[^'jn¡¨(^]wc^]Kkcn~rqB^]tBu~9kn¡oKinpjn¡\/^]ilnpor©oKw+\_oKwc^K£¢[wo¢hnj^]6kcY[^]n¡wnpKk^ w~rkcnporilkcwu8ku[wc^Nni~^ sK~ykcnpr^G ¥^ ^]jmª~r«
qpohor¤¬a­kNniN~yqiloicY[o¢¦/kcY~ykGkcY^i~y\/^icgjizk^ \
iG orBr^]wcsK^'kco9¦'~yw/~6u[[ntBu[^ilk~rm[q¡^^]tBu[npqpn¡m[wnpu[\®(oKn¡BkNn¡[n¡\/^ ªilnpor
j¬XY[ni'^ hkc^ ª[i~kcY^ orw^ \or Cfh[oruiicn¯£h¦YnpYicY[o9¦^]kcY[^6^jnizk^  ^°or kcY[^>il^|oKwcmnkioK[q¡gK¬XY[^6 oricnp[^ w^]±q~rii
oy ²^>tKuª~9kcnporªiniGuicu~yqpqpg_izkujnp^]~riN~6\/oj[^ qor UsK^ [^w^ sruqp~ykcoKwcg[^ k¦'orw«hi]¬+a­knpiN[oyk'~riilu[\/^>kcY~yk~rq¡q(j^]]~>gw~9kc^>i
~yw^np[^ Kknp]~yq@£r¦YnpY/nim[n¡oKq¡oKsrn ~rq¡qpg$npwcw^ qp^ y~yKk>£ym[ujkNY~rim(^ ^]
jor[^np_kcY^9~KizkG\/~9xzoKwcn¡kzgor ([w^ hnporuiilkcuªjn¡^>i ¬Gb°u[w
¦oKwc«$wc^ qpnp^]ior_q~riiln ~rqKw^]icu[q¡kiC~ym(oKujk³[j^](ornpKkioy ª\/oroykcoK[^r£y or]~>r^or(^]w~ykcoKwi+~rkcnp[s°oK(oBiln¡kcnpr^'9~ywn~ym[qp^]i]¬
´ToKwc^]o¢r^]w]£¢kcY[^uic^]kc^>Y[nptBu[^>i~rwc^r^ wgq¡np«r^ qpgkco~y[[qpgn¡/\/orw^'sK^ [^]w~rqjoKKkc^ hki]£yoKª^][np[s$jnpwc^>8kcnporªi µoKwC ¥ujku[wc^
¦oKwc«U¬
¶T·B¸U¹cº» ¢¼K (^ wn¡oj[np6iloKq¡u[kcnpori]£j[n¡^>^ ¦nic^½­q¡np[^]~rw]£h\/oK[oykor[^6or(^ w~9korwi
∗ ¾¿¢Àl¾Á8Á ¾jÂÃÄ8Å]ÆÇ¿È É8ÇcÊ8ËyÀlÄjÂ­ÀÁÅ9ÀlÄjÂÃÅ
† Ì ÇcÍÎ¾8È ÉÇcÊ8ËyÀlÄjÂ­ÀÁÅ9ÀlÄjÂµÃ8Å
  ±+ /	/5 	5 ,./	!$#% !$ ,.$C!-	2	!

&'+/0  '!	l52:S &!6+87 	2C'C!N+
    ~yªi5 ^Ew~y[(oKwlk±q ^jnpilkc^]^S^kq u[np nk  u[[^SoKwcmnk^E wn¡oj[nptBu[^Sizk~ym[qp^E^>izk \/oKKkcw ^K£(oru[w
u[[^5q~riil^ ]tBu~9kn¡oKijn¡¨ w^ Kkn¡^]q¡qp^]i~9§
[^]i~yw\_oKw ^]~rujE^] jn¡\/^]ilnpor ©^ k[qpui]£(oru[wq¡^>iicgjizkZ \/^]ijorBk
q~ilkcwukcu[w^  npKk^ w~r8knpor ^>izku[[^ m(oru q¡^S]sK~9kn¡K^r¬ aq6^]ilk]sK~yqp^ \/^]Kk \/orBkcw tKu^ ^]i\! ]\/^]iicgjizkZ \/^]i
oKBr^]wcsK^ Kkr^]wiu[±u[nptBu[^"]tBu[npq¡npm[w^|izk~ym[qp^°^ 5[n¡\/^ ªilnpor[¬G{^>n kc^ ªu±w]icu[qk~9k#$fj[oruiicn¯£jtKunU~Kicicu[w~yn¡k
q ^ hnilkc^ ª^ic^ u[qp^j^^>iGiloKq¡u[kcnpori]¬&%~$q~Kicic^ ]tBu~9knporiGoKiln]w' ^^>izkoKu[w~r\/\_^]KkGujkcnpqpnpi' ^oK\_\/^\/ojjZ]q¡^j^
w]ic^]~yu[
j^6w']sru[q~9kn¡oKs(]knptBu[^K¬)%¤^]ik~yuj±[^6 sKw~K[~9kn¡oKiN[^6icorBk'ª~riilu[(oKi']i*]sK~yuj^ Kkwc^|^]uj²£hYhgB(orkcY[Z>il^
m[nporqporsKnptBu[^]\_^]KkGnp9xzuilkcn¡³+ ^r£B\
~rnpiG^¨U^]8ku ^°[~yiGqp~$[qpu[~ywckj^]ikcw~¢9~yuj_iluwGqp^icu9xz^ k]¬N{^kcw~>y~ynpq[i, ~r[[u[np^icu[wNj^>i
kcY+ orwZ \/^>iq~riilntBu[^]ij^|(ornpKk³h^|- oK w~9kc^]u[wiG\/or[orkcoK[^]iN^ k or ~¢r^>i £B~¢r^]9~ywn~ym[qp^]iG(oBiln¡kcnpr^]i]¬  ^°[qpui]£hqp^]i
kc^>Y[nptBu[^>i r^ qpor ^]iiloKKkkwcZ>i^]wlk~ynp[^ \/^ Bk°~y[q¡n ~rm[q¡^>i.$j^>iicn¡kcu~ykcnpori[qpuis( + w~yqp^]i]£[oru[hw~yKku[[^rornp^
(oruw[^| ¥ujku[w^]iwc^>Y^ wY[^>i ¬
/» ] ¹ 10  ± icorqpujkn¡oKi wn¡oj[nptBu[^>i £jq¡np]~rn¡w^|ª~yw\/orw^]~ruj²£hor w~9k^ u[wi'\_oK[oykor[^>i
 
	 !"#%$&'()*+ ,- ©
.     ,.!$ 
/"01/ 24357698:<;>=@?A:B3C=
D \/oK[s±wc^>^]Kk°m[nporqporsKnp]~yq+oK^]jki]£7EFGHEIJ$,*K(L!MHN+ni|~~ywckcnu[q~ywqpg5n¡Bkcwn¡sKu[np[s±or[^r¬${oK~rwic^ qpg5i~yn²£
n¡k°wc^  ¥^ wikco5~il^ kor sr^ ^]ioj[n¡[s
 ¥orwwcorkc^ npim(^ np[s±~rm[qp^$kco±~K8kn¡y~9kc^orwnp[Y[npm[nk°kcY^^ j[wc^>icicnporor oykY[^ wsK^ [^]i
¦n¡kcY[np kY[^i~y\/^
ic^k>¬5fhnp ^iluªY ilgjilkc^]\/i~yw^/q¡np«r^ qpg konpBroKq¡K^/qp~rwcsK^_Bu[\m(^]wi$or 'sK^ [^>i £+~r icnp^
\/orw^ o9r^ w
sr^][^^j[w^]iilnporni«h[o9¦ko±m(^~
orj½­q¡np[^>~yw\/^]Y~y[nic\£(\
~9kY[^ \
~ykcn ~yq+\/ojj^]qpi°~rwc^K£[kY[orusrYE~
w^]tBu[npw^]kcohoKq¯£
  ~r n¡s~/\/~9xzoKwY~rq¡qp^ [sK^r¬XY[ni  ~r8kY~Kin¡\/(^ qpqp^]T~/q~ywsr^$~y\/oruKkor C¦orw«U£jsKn¡hnp[s/mn¡wckcYkcoBu[\/^ worui\/oj[^ qi £
ic^ ^)O +Pª ¥orw~$w^ hnp^ ¦$¬ D \/or[sjn¨U^ w^ BkNkzgB(^>iGor ²\/ojj^]qpi]£B~ic(^]n~yqª qp~KiciGoy ¤[n¡^>^]¦npic^q¡np[^>~ywjn¡¨(^]wc^]Kkcn~yqª^>tBu~9kn¡oKi
Y~¢r^±m(^]^  [wcoK(oKic^] n¡kcY[^^]~rwcqpg3RQTS9+ iUO V+P­¬ XY[ni_ qp~KiciY~rikY[^~rjy~yKk~ysK^oy m(^ np[sS\
~ykcY[^]\/~ykcn ~rq¡qpg \uY
\/orw^6kw~K8k~rm[qp^6kcYª~yT\/orw^ qp~Kicicn ~yq@£ic\/ohoykY[oKj½@qpnp[^]~rw^]tBu~ykcnpori]£[or^kcY[^]q¡^>icior¨(^]wcnp[s±~
 or\/~rw~rm[q¡^$9~rwcnp^kzg
oy m(^]Y~¢Bnporuwi]¬
fhnp^n¡kiCnpKkwco[ju8kn¡oK¤£9kcY[^q~rii+or ª[np^] ^ ¦nil^ ½@qpn¡^]~yw\/oj[^ qiY~Ki+kcYhuiCm(^ ^]/izkujnp^]npy~ywn¡oKui  ~ricY[n¡oKi]¬vC^ wn¡o[jnp
kcw~9xz^]kcorwnp^]i]£ªorw°q¡np\/nk$gjqp^]i]£(oy kY[^]ic^_ilgjilkc^]\/iYª~>r^m(^]^ E^]ic(^]n~yqpqpgn¡hr^]ilkcnpsK~9k^]²¬|XY[^³wilk°w^]icu[q¡ki° or ^ w[^]
~ ~ywckcnu[q~yw ~Kil^K£CY~yw~rkc^]wcnXW ^] mhgSkY[^±^>tKuª~yqpnkzg oy ~yqpq'j^]]~>g w~9kc^>ioy kcY[^icghilkc^]\¬ZY[^ wkY[npi_~riicu[\_[kcnpor¤£
kcw~9xz^]kcorwnp^]i6~rwc^
izkw~ynpsrYKk$qpn¡[^>i$n¡ w^ sKn¡oKi|¦Y[^ w^_kcY^ilgjilkc^]\npi~9§
[^K£+~rEkY[^
¦Y[orqp^
~r~yqpgjilni|m(^>or\/^>i6\uY
icn¡\/[qp^ w>¬ork~rm[q¡gK£(~rT^ j[q¡nn¡k°vCornp ~rw'\
~rTni(oKiicn¡m[qpgj^ wn¡r^>²£ª¦YnpY ni°~/ ¥w~rkcnpor~rqq¡np[^>~yw\
~y¬a­k|npikcY[^ 
(oKiicn¡m[qp^kcowc^>ju^kcY[^°wcoKm[q¡^]\ or ¤^jnizk^  ^°~y±izk~ym[npqpnkzg/oy ª^]wcnpojjnorwm[n¡kiGkco_~y±^ npsr^ ª~y~yqpgjicnpi]¬+XY[ni\/^kcYoj
¦'~Ki'npKkwco[ju^>5n¡AO j£(SRP­£~yicu[mic^]tBu[^]Kkcqpg±n¡\/[wo¢K^]±mhg5jn¡¨(^ w^ Bk~yujkY[orwi[Op>j£[[£\QP­¬
X+o$oru[wG«h[o9¦q¡^>jsr^r£rorq¡gor[^ilkcu[g_jnp/[orkGw^]tBu[npwc^'kY[niGu[[n¡ ¥orw\®[^] ~¢gw~9k^]i~Kicicu[\/jkn¡oK¤£rm[ujk or ^ w[^]oK_kcY[^
oykY[^ wY~r5icghilk^ \
i'¦Y[oKic^°npKk^ w~r8knpor5ilkcwu8ku[w^| oricnpilki'np~_ilnp[sKq¡^K£h[^ sB~9kn¡r^|q¡ohoKZOp]P­¬G`nporqporsKnp]~yqª^ [~y\/[qp^]i £
icuY~rikcY[^H^H _J$,9O ]P(\
~y«r^kY[npiGkgh(^or UnpKk^ w~r8knpor
izkwcuª8kcu[w^w^ qp^ y~yKk>¬a`orwNicuY
icgjizk^ \
i]£ykcY[^^jnizk^  ^r£
m[ujk/[oyk_u[[nn¡kgK£or ~Eizk~ym[qp^±qpn¡\/n¡k/gj q¡^±np[n¡\/^ ªilnpor
> 3
£G~r oy ~Sizk~ym[qp^ ¥ojuªinpjnp\/^ icnpor
2
ni[wo9r^ 
np@Op]P­¬GXY[ni[wcohor +wc^]q¡np^]ioK`woruh¦^ w iN³[j^](ornpKkkcY[^]orw^ \£[~r5npi[ork^ Bkcnpwc^]q¡g5ic^ q¡ CoKKk~rn¡^]²¬
b°u[w\
~rn¡ w^]icu[qkni~T or\/[qp^kc^[wohor 'or 'kY[^^ hnilkc^ ª^±~y u[[nn¡kg or 'kY[^\/^]Kkcnpor^] ~9kckcw~rkcoKwi6np  ¥^ ^]jmª~r«
qpohorTicghilk^ \
i ¬´Torw^ o9r^ w>£hkcY^\
~9kY[^ \
~9knp]~yq¤kcohoKqpinpBroKq¡r^>5kco[wo9r^|kY[npiw^]iluqk°ic^ ^ \ koY~>r^m(^ ^ Tnpsr[oKwc^>5np
kcY^orBkc^hkoy [np^] ^ ¦nil^6qpnp[^]~ywsK^ [^6[^ k¦oKwc«\/oj[^ qi £[~r5oy¨U^ w~_r^]wcg[wor\/nicn¡[s ¥w~y\/^]¦orw«U¬
´ToKwc^[wc^>nil^]q¡gK£ykY[^wc^>ilu[q¡kNoK
¦Y[npY¦^\
~ynp[qpgw^ qpgniN~6³[j^>/(ornpKkNkcY^ orw^ \® ¥orwN\/or[orkcoK[^r£Borª ~¢r^or(^ w~9korwi £
¦Y[^]wc^$\/or[orkcoK[np nkzg5~r or ~¢hn¡kg5~yw^$j^ ³[^>¦nkYTwc^]ic(^]kkco±~/~ywckcn~yq¤orwj^]w]¬XY[^ w^$^jnizki~rkcu~rq¡qpg5~/¦^]q¡q¡½
j^]r^ qpor(^] oKwc[uªi~ym(oKujk°or(^ w~9korwiic~ykcniz ¥ghnp[s±icuYE[wcoK(^ wckcnp^]i]£^>il(^>n~yqpq¡g5 ¥orw|icgjizk^ \
i¦nkY (oBiln¡kcnpr^9~ywn~ym[qp^]i]¬
XY[^>il^w^]icu[qkiY~¢r^6kY[^~rj9~rKk~ysr^$oy m(^ np[ssK^ [^ wny£ª~ykY[^YBgh(oykY[^]ic^]iorT¦Y[nYkcY^ gwc^]q¡g~rwc^$oKkcY[^oykY[^ w
Y~r~9ku[w~yqpq¡g5i~9kcnil³^]npkY[^orBkc^ Bkoy C[np^] ^ ¦nil^~y§/^$\/ojj^ qior Csr^ [^$^kz¦orw«ji ¬NaoKwj^]wkco
sKn¡r^~/\/orw^
[w^] npic^ ¥oKwc^ k~Kizk^oy ¤kcY[^°w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or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j^]w]£ic^ ^m(^]q¡o9¦® ¥oKwj^³ª[nk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oKKk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Y[npY ~rwc^
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x < y
~r
x 6 y
n¡ ¤kcY[^>il^°np[^]tBu~rq¡n¡kcnp^]iY[oKqp
 ¥orw^>~rY±ohoKw[n¡~ykc^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g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¬XY^ ¤£9¦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~yª
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[x, y] = {z |x 6 z 6 y}
£y~y
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Y[^6 ¥orqpq¡o9¦np[s£
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np[s orw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^ [w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w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s+(· , θ) : R→ {0, 1}
j^ oykc^6kcY[^$np wc^>~ricn¡[s/ilkc^  ¥u[kcnpor¤£orw^]~¢hnilnj^| ¥u[8kn¡oK7.
{
s+(x, θ) = 0
n 
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s+(x, θ) = 1
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x > θ,
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Y[nY±wc^ wc^>il^]Kk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or ¤~K8k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s−(x, θ) = 1− s+(x, θ)
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icnpor¤£B~y
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Y[oKic^°jn~ysKor~rq^ Bkcw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£j~yw^°j^ sKw~K[~9kn¡oK/w~9k^]iNor ¤y~ywnp~rm[q¡^>i
np5kY[^ilgjilkc^]\¬
fhnp^°^>~rY9~ywn~ym[qp^
xi
ni'~oK^]Kkcw~9kn¡oK ¥or ¤\
} D oKwoy ¤wcorkc^ np)	£Bn¡k'w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9~rq¡u^]ij^ [orkc^>
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¬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~ykcnporw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j
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Y~r[sr^>i ¬ `[oKw
^]~K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Y[wc^>ilYorq±9~rqpu[^]i]£h¦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^ woy Cilkc^]5 ¥u[ª8kcnporªi.
Θi = {θ
1
i , . . . , θ
qi−1
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¯ 	
¦Y[^]wc^_kcY^_kY[w^]icY[orq[i$~yw^_orwj^ w^] .
0 < θ1i < · · · < θ
qi−1
i <

i
¬XY[^
^hkcw^ \/^/9~yqpu[^>i
0
~r 
i
~yw^_[ork
kcYwc^>ilY[oKqpi £yicn¡ª^kcY^ gm(orukcY[^y~yqpu[^]ioy 
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£r~rkcYhuiC\/~¢g$oykCm(^woKiil^>²¬ o¢¦'^ r^ w>£y~|orhr^ Bkcnpor~rqB[ork~9kn¡oK
¦npq¡q¤m(^.
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θ
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i = maxi
¬
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t
iluY/kY~9k
xi(t) ∈ Θi
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icuY
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Y~9k
κj(x(t
+)) 6= κj(x(t
−))
¬Ca­kN ¥oKq¡qpo9¦i
kcYª~9k°^]~KY ~yjnpior CkcY^izk~9k^ic~r ^$¦npqpq+m(^uil^  ¥u[qpq¡g~ywckcn¡kcnpor^]n¡Bkco±or(^] ic^ sr\/^]Kkim(^kz¦^ ^]TkcY[w^]icY[orq[i]¬fhnp ^
kcY^^ hkcw^ \/^9~rq¡u[^>iG¦npqpqªoyk'mª^|woKiic^]/mBg_kcY[^ªo¢¦  ic^ ^°qp~ykc^ w 	8£KkY[^³wizk'~r
q~rilk'il^]sr\/^ BkiNnpqpuj^°oK[^oy ²kY[^ npw
^ ªj(ornpKki .
Di ∈
{
[θ0i , θ
1
i ), (θ
qi−1
i , θ
qi
i ]
}
∪
{
(θji , θ
j+1
i ) | j ∈ {1 · · · qi − 2}
}
∪Θi
 © 	
N~KY[wojjuk
D =
∏n
i=1 Di
j^³[^>i~$w^]8k~y[sKu[q~yw	I-%$_ª£h¦Y[oBil^jnp\/^ icnpor
niGkcY[^°Bu[\m(^]woy 
Di
kcY~yk'~yw^[ork
icn¡[sKq¡^ kcoKi ¬  Y[^ 
dim D = n
£ªor[^uicu~yqpqpg5i~¢ghikY~9k°nk°ni~ H^EJ$^*K	I-$_£Uorw)H^EJ$G	I-%$_ª£U~r5kY[oKic^
joK\/~rn¡T¦nkYTqpo9¦^ wjnp\/^ icnpor ~yw^ ~yqpqp^]4!"_,k_TE 	F-%$_)O ©P­¬  ^uil^$kY[^oyk~ykcnpor
D
kcow^ [w^]ic^ BkkcY[^il^ k
oy ~yqpq¤joK\
~ynpioy kcY[^6 ¥oKwc\ ~rm(o¢r^K¬XY[^ £
Dr
¦n¡qpqj^][oyk^|kY[^ic^koy ~yqpq²w^ sKu[qp~ykcoKwcgjor\
~rn¡i]£[~r
Ds
kY[^ic^koy 
~yqpq¤ic¦n¡kY[n¡s
jor\
~rn¡i]¬
D oKBr^ n¡^]Kk¦~>g
ko/w^ [w^]ic^ Bkw^ sruqp~rwjoK\/~rn¡ªi\/~r«r^]iuic^6oy C~/[npiw^k^|\
~r¤£[¦Y[oKic^|w~y[sK^|¦^6¦wn¡kc^$~Ki .
A =
n∏
i=1
{0 · · · qi − 1}.
l] 	
XY[^6\
~rn¡TtKu^]izknpor5ni'kY[^ Tj^³ª[^]~ri
d : Dr → A
£~yic^ i^]~KYwc^]sru[q~yw[or\
~ynp±ko_kcY[^icu[(^ wic wcnpjkor +n¡ki
	 q¡o9¦^ wc½­q¡^  µk
orw[^ w3.
d
(∏
i(θ
ai−1
i , θ
ai
i )
)
= (a1 − 1 . . . an − 1)
¬|aTkY[^ ¥orqpqpo¢¦np[sª£ª¦'^¦npq¡qor µkc^] nj^]Kkcn¡ ¥gTw^ sruqp~rw
joK\/~rn¡ªi~r±kcY^ npwnp\
~ysK^|np
A
£jk~rq¡«hnp[s_ ¥orw^[~r\_q¡^$~rm(orujkicor\/^  joK\
~ynp
a
p¬
XY[^jgh~r\_n i_orw^ sKu[qp~rw_jor\
~ynpi]£G]~yqpq¡^> Y[^ w^4H^EJ$ 	*($-_ ~ym(^[^³[^> tKunk^ilnp\/[q¡gK£N[u[^5kcoSkcY[^
icn¡\/[qp^^ hwc^>icicn¡oKToy GkY[^ªo¢¦n¡S^]~rY
D ∈ Dr
¬b°Sil^ ki°or 
Ds
or kcY^orkcY[^]w°Yª~y²£UkcY[^o9¦ ni°npEsK^ [^ w~yq+[ork
u[[ntBu[^ qpg_j^ ³[^>²¬Ca­kNniG~rBgh¦'~¢g(oKiilnpm[qp^kcoj^³ª[^icorqpujkcnporiGn¡~6wnpsrorworuiC¦'~¢gr£rghnp^ qjnp[s$¦Y~ykN¦n¡qpqm(^\/^ Bkcnpor[^>
~ri6kY[^  _yEX$ 	*($-8£~9k$kY[^[wcn^
or orªilnj^ wnp[sic^kc½@y~yqpu[^] icorqpujkn¡oKi]¬±XY[^qp~yklkc^]w, ij^³nkn¡oK w^]ilki$or
`n¡qpnp[(o¢ i°kY[^ oKwcgTor 'jn¡¨(^]wc^]Kknp~rqC^>tBu~9kn¡oKi|¦nkY ~jnpioKKkn¡hu[orui6wcnpsrYBkl½­Y~ySilnj^r£~rEn¡ki| ¥oKwc\u[q~9knporEnpSkcY[^
~rwlknp u[qp~rw ~ric^°or +^]tBu~9kn¡oKi z3	' ~r±m(^| ¥oru[5np4Opr£U>+P@£[~r\/or[sorkcY[^]wi]¬fhnp ^|¦^6¦n¡qpq²or[qpg
^ ªoruKkc^]wilgjilkc^]\/i
 ¥orwC¦Y[nYkcY[^`n¡qpnp[(o¢iloKq¡u[kcnporiq¡^>~r$ko6ilnp[sKq¡^'9~yqpu[^>$kcw~9xz^]kcorwnp^]i]£¢¦^icY~yqpqhor[qpgj^]iwnpm(^NkcY^'w^ sruqp~rwjgh~y\/n i
¦n¡kcYTiloK\/^6[^k~rn¡q@¬
| 0L|  5M; 329" 817=
}^]sru[q~9korwgjoK\/~rn¡ªi~yw^oy (~rwlknu[q~ywn¡\/(orwck~r^K¬XY[^ g ¥oKwc\kY[^\
~ynp/~ywckor Uilk~9k^ic~K^r£K~ykcY[^jgh~y\/n i
or kY[^ \ ~rEm(^^ j[wc^>icic^] tBu[n¡kc^/icn¡\/[qpgK¬ D kcu~rq¡qpgr£²oKSiluªY ~5jor\
~ynp
D
£UkcY[^_[wojjukcnporEw~ykc^
κ
npi6oKizk~yBk]£
~yª±kcYBuªi^]tBu~ykcnpor z3	'ni~9§
[^K¬Ca­kiiloKq¡ujkn¡oK5ni^j[qpnp nkq¡g±«h[o9¦¤£h ¥oKw^]~KYohoKw[n¡~ykc^
i
.
ϕi(x, t) = xi(t) =
κi
γi
− e−γit
(
xi −
κi
γi
)
,
LV 	
R1
  $H 9FwRm
~yª5npi9~rq¡n± µoKw~yqpq
t ∈ R+
icuY5kcYª~9k
x(t) ∈ D
¬a­k ¥oKq¡qpo¢¦inp\/\_^>jn~9kc^]q¡gkY~9k
φ(D) = (φ1 · · ·φn) =
(
κ1
γ1
· · ·
κn
γn
)
ni6~y ~9kckcw~rkcnpr^^]tBu[npq¡npm[wn¡u\ (ornpKk6 ¥orw|kY[^ªo¢¦ LV 	¬ ^]^K£¤n 'nk$q¡np^]i6n¡ªilnj^
D
£¤nk$ni6~y ~rkcu~rq^>tBu[n¡qpnpm[wn¡u[\ oy 
icghilkc^]\ l3	8¬$bkY[^ w¦npic^r£ªkcY[^o9¦ ¦n¡qpqwc^>~rYkcY[^m(oru[~ywg
∂D
n¡ ³[n¡kc^kn¡\/^K£Uu[[qp^]ii
φ(D)
qpnp^]i^ [~r8kq¡goKTkcY[^
m(oru[~ywgor 
D
¬ o9¦^ r^]wCkcYnpiNicnku~9kn¡oK_niG q¡^>~ywq¡g[oykNsr^ ^ wnpr£r~r_¦^~Kicicu[\/^np_kY[^wc^>izkGoy (kY[niª~y(^ wGn¡kG^ r^ w
oj]u[wi ¬ D k|kcY[^kn¡\/^¦Y^  kcY[^ªo¢¦ w^]~KY[^>i
∂D
kcYhui £UkcY[^y~yqpu[^oy 
κ
¦npqpqCYª~y[sr^K£U~yTkcY~yk|oy 
φ
~K oKw[n¡[sKq¡gK¬
XY[^(ornpKk
φ(D)
npioy µk^ T]~yqpq¡^>GR$\_\oy kY[^jor\
~ynp
D
¬XY^ ¤£[kY[^ orBkcnpBu[oKui o9¦ ]~ym(^$w^]ju ^]5kco~
jnic wc^ kc^ ½¯kn¡\/^$jgh~y\/n ~rq¤ilgjilkc^ \£[¦nkY~/ilk~ykc^$ic~K^$ilu[(orwckc^]5mBgkY[^$m(oru[ª[~ywn¡^>i'oy Cmªo¢j^]inp
Dr
¬
^]^K£hkcY[^$izk~9k^|ic~r ^°oy kcYnpijnicw^k^½@kcnp\/^|icgjizk^ \ni'~ywck'or 
Ds
£j¦Y[nY5\
~¢gil^]^ \wcoKm[q¡^]\
~9kcn°~9k'³wilkicnpsrYKk>¬
a
  ~r8k>£Bnkni~r8ku~yqpqpg[oyk'~yqp¦'~¢gji(oKiilnpm[qp^kco[^³[^°[npiw^k^½@kcnp\_^kw~¢xz^>8korwn¡^>iorjoK\/~rn¡ªiGoy 
Ds
Y~¢hn¡sjnp\/^ j½
icn¡oK
n − 2
oKw|qp^]ii ¬_b|S~rBg
n − 1
joK\
~ynp
D
£¤orEkcY[^/oykY[^ w6Y~yª²£¤icuY ~5[^³[n¡kcnpor \
~>g ~rq¡¦~>gji°m(^_[wor(^ wqpg
[wo¢hnj^]¤£np k^ w\/ior kcY[^ o9¦ qpn¡^]inp kcY^kz¦oEw^ sKu[qp~rwjoK\/~rn¡ªiic^ ~rw~ykc^] mBg
D
¬Ea­ kcY^]ic^ o9¦ qpn¡[^>im(oykY
(ornpKk6ko¢¦~yw[i £²oKw6~¢¦'~¢g ¥wcoK\
D
¥¦Y[nY ni6^j[w^]iil^>T ¥orw\
~yqpq¡gTuicnp[s5kY[^ o9¦®ohoKwjnp~ykc^¦Y[nY ni6[orw\
~yqkco
D
	8£jkcY[^6q~9kckc^]wnpi]~yqpq¡^>±wc^>il(^]kcnpr^ qpg j X$I N%!M$_horw !sky_,)!M$_ ¬'bkY[^ w¦npic^r£ o  o ¦Y[^] ªo¢¦qpn¡^]im(oykYwoKii D npkcY^$i~y\/^$jnpwc^>8kcnpor£jor[^6uicu~yqpqpgwc^  ¥^ wiko
D
~Ki~KLH$\$H\<!M$_ ¬GakcY[^6kz¦o_³wizk]~ric^]i]£BkcY[^)`npq¡np[(o9
kY[^ oKwcg
niwc^>tBu[n¡w^]¤£ª[wco9hnp[n¡[s±ic^kc½@y~yqpu[^]kw~9xz^]kcoKwcnp^]iorTkcY[^¦'~rq¡qi]£kcY^icoy½ ~rq¡qp^]icqpnpjnp[s±\/ojj^>iO¡>+P@¬$b°kw~rilª~yw^ Kk
¦'~rq¡qi £²kw~9xz^>8kcoKwcnp^]i6~yw^/ilnp\/[q¡gSj^³^]SmhgEoKKkn¡hu[nkzgK£¤ ¥wcoK\ kcY[^ o¢¦®q¡np[^]i6oKSm(orkcY icnpj^>i ¬  ^
icY~yqpq^ oKu[Kk^ w
orq¡gkcY[nikcY[npw5«hn¡ª5or ¦'~yqpq²np5kY[^$wc^>izkor +kcY[ni~r(^ w>¬
orkc^6kcY~ykn¡ 
D ∈ Dr
npiwc^][wc^>il^]Kk^]±mhg
a ∈ A
£7 o  o d(D) = a £[oK[^$ilYª~yqpq²\/oKilkoy µk^ [^ [orkc^6mhg φ(a) £[orw φa £jkcY[^ ¥oj]~yq²(ornpKk~riicojn~9kc^>
ko_kcYnpijoK\
~ynp¤¬
b°ª^kY[^o9¦ LV 	Nni'srnpr^ ±np5~m(o>
Da
£hn¡knpi'^>~ricg_kco_ or\/[ujk^°kcY[^°kn¡\/^$~y(oBiln¡kcnpor5~yk'¦Y[nY5n¡knpKkc^]wic^]ki
kcY^m(oru[ª[~ywg±oy 
Da
£n¡ ^ r^]w]¬'XY[^(oBicicnpm[n¡qpn¡kg± ¥orw^]~KY  ~K^kkom(^^ oKu[Kk^ w^]mhg±kY[^ o9¦ j^ (^][iu[nptBu[^]q¡g
orkcY[^(oBiln¡kcnporor kcY^5 ¥oj ~rq'(ornpKk .
{x |xi = θ
ai−1
i }
¥w^]ic¤¬
{x |xi = θ
ai
i }
	]~ym(^woKiic^] n |~r oK[q¡g n¡ 
φi < θ
ai−1
i
¥w^]ic¤¬
φi > θ
ai
i
	8¬ D ]orwjnp[s±ko5kY[ni6ormic^ w9~9kn¡oK¤£U¦^
j^ [orkc^
I+out(a) = {i ∈ {1 · · ·n}|φi > θ
ai
i }
£
~yª
I−out(a) = {i ∈ {1 · · ·n}|φi < θ
ai−1
i }
¬
XY[^]¤£
Iout(a) = I
+
out(a) ∪ I
−
out(a)
npikcY[^ic^koy ^>ic]~y[np[s/jnpw^]8kn¡oKioy 
Da
¬
D qico£hnk¦npqpqUmª^|[w~rkcn ~rqkco_(ornpKkorujk'kcY[^|qpo9¦^ w~yu[(^ w'kcY[w^]icY[oKqp[im(orujnp[s_~m(o¢U£BkcYª~y[«jiNkokcY^|~ynpwioy 
 ¥u[kcnpori
θ±i : A→ Θi
£
θ−i (a) = θ
ai−1
i
~r
θ+i (a) = θ
ai
i
¬CXY[^]ic^' ¥u[8kn¡oKi¦n¡qpqqp^]~ywqpg$orq¡gm(^uil^  ¥u[q[[ork~9kn¡oKi]£
~yª5m[wcnp[s/[o_ ¥uwlkY[^ wn¡[ µoKwc\
~ykcnpor~rm(orujkkY[^icghilkc^]\¬
 Y[^]nkniu[ª~y\m[npsru[oKui]£h¦'^6¦npq¡q¤oK\_n¡kkcY[^j^](^ j^]^$or
a
np5kY[^ic^]tBu[^ q@¬
o9¦$£hn¡5^]~rY±[n¡w^]kcnpor
i ∈ Iout
kcY[^°kcnp\/^|~yk'¦Y[nY
x(t)
^  oru[Bkc^ wiGkY[^6orww^]ic(orjnp[sYBgh(^ w[qp~r[^r£K ¥oKw
x ∈ Da
£
 ~r^]~ricnpq¡gm(^ilY[o9¦5kco/m(^ .
τi(x) =
−1
γi
ln
(
min
{
φi − θ
−
i (a)
φi − xi
,
φi − θ
+
i (a)
φi − xi
})
.
  	
X~y«hnp[skcY[^_\/np[n¡\u\
τ(x) = mini∈Iout τi(x)
£¤~y w^ np9xz^]8kn¡s5nk6npE^]tBu~ykcnpor LV 	£²¦^sr^ k°kcY[^_^jn¡kcnp[s5(ornpKk6oy 
Da
¦Y[^] ilk~rwlkn¡[s±~9k
x
¬fhnp^kcYnpi[woj^>icininpKk^ [^]kco±m(^w^ (^]~ykc^>~rq¡oK[s/kcw~9xz^]8korwn¡^>i £
x
¦n¡qpq+sr^][^ w~yqpq¡g±qpnp^
or/kcY[^m(oru[[~rwcgor (kY[^ u[wcw^ BkGm(o>²£K^[^]jkG ¥orwGkcY[^np[n¡kcn~yq(or[nkn¡oK¤£K¦Y[npY
\
~>gY[o9¦^ K^ wGm(^Y[oBil^]/or
~6  ~r^ k
¦n¡kcY[oKujkq¡oBicioy sK^ [^]w~rq¡n¡kzgr¬ ^6kcY^ sr^ k~ H$\#4-$ 
Ta : ∂Da → ∂Da
.
Tax = ϕ (x, τ(x))
= φ + α(x)(x− φ).
S 	
¦Y[^]wc^
α(x) = exp(−τ(x)Γ)
¬GXY[^$q~9klk^ w[^ (^ ioK
a
£~Kiil^]^ 5 ¥wcoK\ @ 	8¬
o9¦$£hkcY^6np[nkn~yq¤icgjizk^ \ l3	\
~>gm(^]^ w^]ju ^]ko
~_jnic wc^ kc^|kcnp\_^jgh~y\/n ~rq²icghilk^ \£[~ri'\/^]Kkcnpor^]5^]~rwcqpnp^ w>¬+a­k
oKicnpilki'n¡nk^ w~9kc^>ior +~sKq¡oKm~yq(\
~y
T
or~_jor\
~ynp
DomT
¬ D i~rq¡w^]~Kjg_\/^]KkcnpoK[^]²£
DomT
\uizkm(^6 orBk~ynp[^>
npTkY[^_ic^k|oy 
n − 1
[or\
~ynpioy 
Ds
¬6fhnp ^
T
Y~riko±m(^n¡kc^ w~9k^]ToKTkcY[ni|joK\
~ynp¤£U~yqpq(ornpKki°¦Y[nY w^]~KYEiloK\/^
n− 2
jn¡\/^ ªilnpor~rq orwqp^]ii	Njor\
~rn¡±~y µkc^ w~y[q¡ghnp[s
T
~$³[n¡kc^|Bu[\m(^]w'oy ²kn¡\/^>i £h\uilk'm(^°^[qpuj^>/ ¥wor\
Dom T
¬
`u[wlkY[^ w\/orw^r£B¦Y[^ w^]~ri
T
npi'wc^]~Kjnpq¡g
j^³^]±orkcw~yic~yw^ BkN¦~yqpqpi]£Bm[q~r«
~y¦Y[n¡kc^|¦'~rq¡qi~rwc^\uªY5q¡^>icioKmBhn¡oKui
kco j^>~yq¦nkY¤¬ S^5kYBui
icu[[(oKic^± ¥wor\ [o9¦or kY~9k
DomT
^]Kkcnpw^ qpg orªilnizkioy kcw~yic~yw^ Bk¦'~rq¡qi]¬ D \/orw^
j^ k~ynpqp^]5jniuiilnpor~ym(oKujk'kcY[^|kor(oKq¡oKsrg/oy kY[nijor\
~ynp ~r±m(^| ¥oru5n¡@O QP­¬ D ilnp\/[q¡^$wn¡kc^ wnporkco/^ icu[w^°kcY~yk
465a74
8
 
	 !"#%$&'()*+ ,- S
~yqpq²¦'~rq¡qi~yw^°kcw~yic~rwc^]KknpikcY[^~ymic^ ª^6oy C~yujkoy½­wc^]sru[q~9kcnpor¤£hn¡kcY[^ic^ ic^|kcY~yk[o/[wojjuª8kcnpor5kc^ w\
κi
j^](^ [i
or
xi
¬
D k|^>~rY (ornpKk6oy iluYS~±joK\
~ynp¤£(n¡k6npi°(oBicicn¡mq¡^koorªilnizk^ Bkcqpg~r[[qpgT~u[nptBu[^_q¡oj]~yq+\
~y
Ta
¬ D 8ku~yqpqpgr£U^>~rY
¦'~rq¡qnpi^]nkY[^ workY[^m(oKu[[~rwcg±oy CkcY[^¦Y[orqp^joK\/~rn¡ ⋃
a Da
£(~ykcYBuªioy G~
ilnp[sKq¡^$w^ sKu[q~ywjor\
~ynp
Da
£ªorw ~y
m(^¦wcn¡klk^ E~ri~y n¡Bkc^ wic^]8kn¡oK
∂Da ∩ ∂Db
oy Ckz¦o±wc^]sru[q~ywjor\
~rn¡Tm(oru[~ywnp^]i]¬'a­k°ni°qp^]~ywkcY~yk°orkw~rilª~yw^ Kk
¦'~rq¡qi'kcY[^]wc^6ni~yqp¦'~>gji'^ j~K8kq¡goK[^6oy +kY[^6k¦'o
jor\
~rn¡i]£[i~>g
Da
£iluY5kY~9k
Ta
ni[orkkcY^$npj^]Kknkzgr¬ D [q¡ghnp[s
Tani|kcY[^]  oricnizk^ Kk$¦n¡kcY kcY^/oKwcnp^ Bk~9kn¡oKSoy kcY[^ o9¦)qpn¡^]i]¬ N^k]£+¦^/oK[q¡gS ~yw^_Y[^ w^/¦nkYS ¥oKwc¦'~rw kcw~9xz^]8korwn¡^>i £
icn¡ ^
T−1
npi[oyk[wor(^ wqpgj^³ª[^]or5kY[^6 ¥u[qpqjoK\/~rnp
DomT
¬
fhu[ªoBil^ [o9¦ kY~9kkY[^ w^ npi~ ¦'~yqpq
W ⊂ DomT
£6~ye~ ic^]tBu[^]^
a1 . . . a`
or w^ sruqp~rwjor\
~ynpiicuYkcY~yk
(Ta
`
◦ Ta
`−1
· · · ◦ Ta
1
)(W ) ∩W 6= ∅
¬Go¢¦$£[n¡knpikc^]\/jkcnp[s/kcoizkujgkY[^jgh~r\_n ioy +kcYnpin¡kc^]w~ykc^>±\
~ror
W
¬
a
~ywckcnu[q~yw>£r~yhg³[j^>_(ornpKkNoy UkcY[niG\
~y
j^ kc^]wc\/np[^]iN~6(^ wn¡oj[np'kcw~9xz^]8korwgor (kcY[^ orKkn¡hu[oruªiCkcnp\/^ilgjilkc^]\ l3	8¬
  &5	 ,.56+5' !5	 '!7

a
oKwj^]wCko~y[q¡gkY[^ oKwc^]\ ko~y
n¡kc^ w~9k^or (kY[^kcw~yicnkn¡oK/\
~y¤£B~KiG[^³[^>/np
[w^ hnporuiGic^]8knpor¤£Kn¡kNniG[^>^]ii~ywg
kcoSY[^]«S¦Y^kcY^ wnkni\/or[orkcor^~r  or ~¢r^K£+np kY[^5ic^ ic^oy [wcoK(^ wckcnp^]i
(M)
~y
(C)
¬ a kY[niil^>8kn¡oK nk
niicY[o9¦ kcY~ykkcY[^>il^± orjn¡kcnporªi ~r[[oykmª^±i~9knpil³^> mBgEkY[^
kcw~yicn¡kcnpor \
~y oK ~¦Y[oKq¡^¦'~yqpq¯£C~y kcY~ykiloK\/^
w^³[^]\_^]KkilYoru[q5m(^$joK[^r¬GX+okY[ni~ynp\£[or[^$icY[oKu[qp or\/[ujk^|kY[^xl~roKm[n~y5or ~/ or\/(oKicn¡kc^|\
~r¤£jor +kcY[^6 ¥oKwc\ .
D(Ta
`
◦ Ta
`−1
· · · ◦ Ta
1
)
¬GXY[niw^]tBu[npw^]ikcY^or\/[ujk~9kn¡oKoy C~y~rwcm[n¡kw~rwcg
DTa
i ¬
%¤^ k
W
m(^T~r3~rwcmnkw~rwcg ¦~yqpq¯¬b°[^Y~ri
ic^ ^] np3[w^ hnporui/ic^]kcnpor kcY~yk
T = Ta
£N ¥orwicor\/^u[[ntKu^ qpgj^ ³[^]
a
¬ %^k\/orw^ o9r^ w
x ∈ W
icuY kY~9kkY[^ w^^ jnpilki~Tu[[ntBu[^
s ∈ Iout(a)
icuY kcY~yk
τ(x) = τs(x)
£~r j^][oyk^
W ′ ⊂ {x |xs = θs}
kY[^|¦'~rq¡q²icuY±kY~9k
Tx ∈W ′
¬GXY[^ ±kY[^ w^°^ jnpilki~y±oK(^ ±^ npsrYBm(oKu[wcYohoj
oy 
x
np±¦YnpY±kcY[^
 ¥orqpqpo¢¦np[s/Y[orq[i.
Tix = φ
a
i + (xi − φ
a
i )αi(x),
  	
¦Y[^]wc^
Ti
ni/kcY[^
i
kcY  ohorwjnp~9k^5 ¥u[8kn¡oK oy 
T
¬X+o ~ym[mwc^ hn~9k^oK\/[ujk~ykcnpori]£¦^TY~¢r^Tj^][oyk^]
αi
kcY^
i
kcY
jn~ysKor~rq(^]Kkwcg±oy +kY[^jn~ysroK~yqU\
~9kwcn¡
α(x)
j^³[^>n¡[w^ hn¡oKuiic^]kcnpor7.
αi(x) =
(
φas − θs
φas − xs
) γi
γs
.
Q 	
XY[^]n¡knpiw~ykcY[^]wilkcw~ynpsrYBkl ¥orw¦'~ywkco
 or\/[ujk^|kY[^$~ywckcn~yq¤j^ wnp9~9knpr^]i~9k~_(ornpKk
x
.
∂Ti
∂xj
=



(αs(x))
γi
γs
n 
i = j
−
γi
γs
φai − xi
φas − xs
(αs(x))
γi
γs
n 
j = s
0
oykcY^ wc¦nic^
.
l] 	
a­k~y[(^>~ywi ¥wcoK\ z> 	kY~9k6kcY^_ª~ywckcn~yqj^ wn¡y~9kn¡r^_~rwc^_oy 'oKilk~yBk$ilnpsrSn¡ z£~rEor[qpgTn¡ z£
sign (φai − xi)
ni°³[j^]²¬
D 8kcuª~yqpq¡gK£h~yqpq(j^]srw~r[~ykcnpor/w~9k^]i
γi
~rwc^(oBiln¡kcnpr^r£h~yª
αs(x) = exp(−γsτ(x)) ∈ (0, 1)
icnp^
τ(x)
niNorj½­[^ sB~9kn¡r^K¬
o¢¦ \
~y«r^kz¦ooKmil^]wcy~9kcnporiCoK_kY[^icn¡sK/~yklkc^]wc
oy 
φa−x
np
sr^][^ w~yq@¬+XY[^³wilkNor[^oK^]wcin¡kiNn¡h9~ywn~y^
¦n¡kcYwc^>il(^>8kkco/kcnp\/^$^ rorqpujkn¡oK7.
$  »&%N» ' ' »)( d7f  7H- lk)Hu(H   	  r ()$Z j {i_k\$"lk)v\$\_L sign (φai −xi)
$H<(H{	 j *
lk
! r _Zlk)\_k\$ sign (φai − xi) = sign (φai − ϕi(x, t))
$ *
t > 0 oq $J$ r _( lk!M$_ W  k+ $ _k\ j ^EI# \_yE19lky#9  #9_\	F	_ $ k*J$()19lka-
{x |xj = θj} r
lkG$ j {+ j {+$L4*J	 sign (φaj − Tjx) = sign (φaj − θj). _-G_J$* r $ * x !skk4$ ){
$Ulk!M$l W ′ ⊂ {x |xs = θs} r [k$ sign (φas − xs) = sign (φas − θs).
D ic^] or±  ~rk or ^ wikY[^$n¡ ªu[^  ^$oy +kcY^jn¨U^ w^ BkohoKwjnp~ykc^]i'or
sign (φa − x)
¬
$  »&%N» ' ' »)( f  >$\* $#yEG	_HL
i ∈ Iout(a) r
k$+>__k\
xi < θ
+
i (a) < φ
a
i r

φai < θ
−
i (a) < xi r$	_ j lk  $+ sign (φai −xi)
# \^$\a_K_k\>!sk\J)X+H
c`(Da)
19_k\ 	I-%$_ o q  θi ∈ {θ−i (a), θ+i (a)}#i_k\$ (_TE lkyHHkX	 r lky#  EAv\$ sign (φai − θi) o
R1
  $H 9FwRm
  _k\i4$ (_yE 	_HLt_k\lk>k\$(	 r sign (φai − xi)
# ^$\
W r _(  θ−i (a) < φai <
θ+i (a) o
XYhui]£[ orjn¡kn¡oK
(M)
 ~y[oykm(^$9~yqpn±oK5kcY[^$¦Y[oKq¡^6¦~yqpq
W
£[u[[qp^]ii~rq¡q¤[n¡w^]kcnpori~yw^|^>ic]~y[np[s¬
fjn¡ ^6~_jn¡¨(^]wc^]Kknp~rqUoy kY[^° ¥oKwc\
D(Ta
`
◦ Ta
`−1
· · · ◦ Ta
1
)
ni~[wojjukoy jn¨U^ w^ Bkcn~yqi'oy +qpoj ~rq(\
~yi
D(Ta
i
)
£
~yªEicn¡ ^kY[^_q~9kckc^]w|\
~¢goK[qpgm(^_(oBiln¡kcnpr^np ~±w^ sKn¡oK ¦Y[^ w^kY[^_r^>8kcoKw
φa
i
− x
Y~ri6~³[j^>EicnpsrE~yklkc^]wc£²nk
ic^ ^ \
iw^ qp^ y~yKkkco
wc^>izkwcn8kkcY[^ilkcuªjgkcoiluYw^ sKn¡oKi ¬
o9¦$£roKjn¡kcnpor
(C)
orª^ wi+kcY[^9~ywn~9kcnporªioy ªkcY[^kc^ w\
inp z> 	¬ D iicY[o9¦mBg[wor(oBiln¡kcnpor±r£9kY[^ic^] orh½­orwj^ w
j^]wcnp9~ykcnpr^]i~yw^|npj ¥orw\
~9kn¡r^6np5kY[npi]~ric^r¬XY[^]g±]~ym(^6^ j[wc^>icic^]5~Ki .
∂2Ti
∂xm∂xj
=



γi
γs
(αs(x))
γi
γs
φs − xs
n¡ 
i = j, m = s
oKw
j = s, m = i
γi
γs
(
1 +
γi
γs
)
φai − xi
(φas − xs)
2
(αs(x))
γi
γs
n¡ 
m = j = s
0
oykY[^ w¦npic^
.
lr3	
^]wc^|~rsK~ynp¤£KkcY[^>il^6j^ wn¡y~9kcnpr^]i~rwc^or ¤³[j^]±icn¡sKorq¡g/n¡ 
φa− x
Yª~ri'~³[j^]±icn¡sK~yklkc^]wc¬ ^  ^r£hm(orkcY³wilk'orwj^ w
~yªic^]oK5orwj^]wj^]wcnp9~ykcnpr^]i~rwc^6or CoKilk~yBkicn¡sKnpkcY[^ic~r\_^6w^ sKn¡oKi]¬Nb°[^6nikYBui~9ku[w~rq¡qpgqp^]5kco oricnpj^]w
w^]8k~y[sKu[q~ywGwc^]srnporiG~ywckcn¡kcnpor[np[s$kY[^¦'~rq¡q
W i
£h[^³[^>
mBg_kcY[^|ilnpsr
or 
φa−x
£BoKwNnpoykY[^ wN¦'orw[iGmBg_kcY[^°(oKicnkn¡oK
¥npkc^]wc\
ior +kcY[^$ª~ywckcn~yq²orwj^ w 	Noy (oKn¡Bki¦nkYwc^>il(^>8kkco/kcY[^6 ¥oj]~yq²(ornpKk>¬
a­k¦npq¡qUm(^|icY[o9¦npkY[^° ¥orqpq¡o9¦np[sic^]8kn¡oKiNkcY~yk'npkY[^6il(^>n~yqU ~Kil^or [^ sB~9kcnpr^ ¥^]^]jm~K«
qpohor±icgjizk^ \
i £hor[qpg
or^/icuY wc^]srnporS orKk~ynpi°kY[^/qpor[sr½¯k^ w\ [gBª~y\/np]i £¤or ^]~rYS¦'~rq¡qoy ~5(^ wn¡o[jnp_ic^]tBu[^]^_or 'joK\
~ynpi|n¡ ilk~ykc^
ic~r ^r¬C`'^ ¥oKwc^[wo¢hnp[s$kY[npi]£hqp^k'ui'[npiuii~ilqpnpsrYKkqpg_\/oKwc^sr^][^ w~yq( ~Kil^kcYª~y ¥^ ^][m~r«/q¡ojor±ilgjilkc^]\/i]¬Gb°u[w'Y[or(^
Y[^]wc^$npikY~9kkY[nijnic uiilnporsrnpr^$icor\/^6npKku[nknporor +kY[^$m~Kiln°  ~K8kikcY~yk¦n¡qpqic^ wr^$~9 µkc^]wc¦~yw[i ¬a­k~rqpico/icu[sKsr^]ilki
kcYª~9k'kcohoKqpiN ¥wcoK\ (oBiln¡kcnpr^°or(^ w~9korwikcY[^]orwg_\/npsrYBk'm(^|^§np^ Bkn¡~m[wcoB~rj^]w orKk^hkkY~y±kcY[^6icorqp^ ¥^ ^>jm~K«
q¡ojor
icghilkc^]\
i ¬
~r\/^ qpgr£(icu[[(oKic^srnpr^  ~
(^ wnpojjn$ic^]tBu[^]^oy Njor\
~ynpi
a1, . . . a`, a`+1 = a1
£(icuYTkcY~ykkcY[^]wc^^jnpilk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npojjnoKwcm[n¡ki]£ricnp^
n¡ CkY[^ w^~yw^il^]r^ w~yq¤^]i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^]5ic^]tBu[^  ^6oy CjoK\/~rnpi ¬
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Y[^ 
n− 2
jnpw^]8knporiwc^]\/~rn¡5 ¥oKw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∂xj
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oicu  ^]iilnpr^6m(o¢h^>i
ai−1
~y
ai
£or[^$Y~ri]£~Ki
ic^ ^ 5 ¥w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kcY^ ¥oj ~rq(ornpKk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kco/wc^ ³[^°kcY^6~ywckcn¡kcnpori'or +icu]^]iicn¡r^°¦~yqpqpi]£j~ri'\/^ Bkcnpor[^>±np±kY[^$~ym(o9r^|jnic uiilnpor¤£jicnp^|n¡knp\_(oBil^>ikcY~yk'k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w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ai
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i
kcY
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oKi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Y~9k
si
npinkiCu[[ntBu[^^>ic]~y[np[s
jnpwc^>8kn¡oK¤¬ D iicu[\/^$~/ilkcwor[s_r^]wicnpor5oy +k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∀i ∈ {1 · · · `}, ∀j ∈ {1 · · ·n} \ {si+1}, φ
ai
j = φ
ai+1
j .
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icnp[srqp^$^ sK~ykcnpr^
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Y~9kkcY^ wc^^ jnpilk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n¡qpq+ic^ ^npkcY[^
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
dx1
dt
= κ01 + κ
1
1 s
−(xn, θ
1
n)− γ1x1
dxi
dt
= κ0i + κ
1
i s
+(xi−1, θ
1
i−1)− γixi, i = 2 . . . n.
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a/iluY_icgjizk^ \
i]£9^>~rYy~ywnp~rm[qp^
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− xj
n¡ '~rEnpw^]~Kil^oy 
xi
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~¢gTq¡^>~r kco~j^] wc^>~ric^or 
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np
IG
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i
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w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oKu[qorhr^ wsr^°kco
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w^]8k~y[sKu[q~yw/w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n¡r^ohoKwjnp~ykc^]ikco
0
£
~yª5(oKicnkn¡r^6oK[^]i'ko
1
¬
XY[^$m(oru[ior +kcY[^$¦Y[oKq¡^$[or\
~ynp~rwc^6[o¢¦ j^][oyk^]
θ−i = θ
0
i − θ
1
i = −θ
1
i
~y
θ+i = θ
2
i − θ
1
i .
R1
]  $H 9FwRm
b°mic^ wr^°kcY~yky~ywnp~rm[qp^]i'\/~¢g[o9¦em(^6^ sK~ykcnpr^r£[~yjo/wc^][w^]ic^ KkoK^]Kkcw~9kn¡oKi'orq¡g±u[5ko
~kw~rilq~9kn¡oK¤¬
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z> 	
b°[^$icY~yqpq¤~rqpico_[orkc^
κ±i = γi φ
±
i
¬
}^]\/~rwc«kY~9k
φ−i
npiN[^ sB~9kn¡r^~y
φ+i
(oBiln¡kcnpr^ ~yª
icn¡\/npqp~rwcqpg ¥orw
κ±i
	8¬"`[wor\®kcY[niNormªil^]wc9~ykcnpor¤£ror[^j^>ju ^]iGkcY~yk
kcY^6 ¥oj ~rq²(oKn¡Bki~yw^6^ Kkn¡w^ qpg5j^ kc^ w\/n¡^]mBg±kcY[^icnpsror +kcY^ npwohoKwjnp~9k^]i]¬CaoykcY^ w¦'orw[i £hkY[^ ohorwjnp~9k^]i'oy 
~yhg ¥o[ ~yqC(ornpKk$~yw^«Bo¢¦E^ j~K8kq¡g ¥wcoK\ kY[^_w^ sruqp~rw°[or\
~ynpEn¡k6m(^ qpor[sBiko¬´Torw^[wc^>nil^]q¡gK£Un¡ ~± ¥oj ~rq(ornpKki
m(^ qporsKiko
~/joK\
~ynp
a ∈ A
£jkY[^ilnpsroy 
φi
ni
2ai − 1 ∈ {±1}
£j ¥orw^>~rY
i ∈ {1 · · ·n}
¬
o¢¦)nk$npi°kcnp\/^ko[^]ic wcnpm(^kcY^/jgh~y\/n i|oy l] 	8¬aSm[wnp^ z£²¦^_[o9¦  ¥oj ui°oKSicgjizk^ \
i°or GkcY[^_ ¥orw\ m(^]q¡o9¦$£
npKkco
¦Y[nYT~yhg±icgjizk^ \ l] 	 ~ym(^6kcw~yil ¥orw\/^] .



dx1
dt
= κ−1 + (κ
+
1 − κ
−
1 ) s
−(xn, 0)− γ1x1
dxi
dt
= κ−i + (κ
+
i − κ
−
i ) s
+(xi−1, 0)− γixi, i = 2 . . . n.
l+S 	
D ³wizk>£oB~ywil^ ½@srw~9np[^>Sj^]iwn¡jknpor ]~y m(^~rY[np^ r^>Snp kc^]wc\
i$or [npiw^k^_kw~riln¡kcnporªi6m(^kz¦^ ^] tBu~rq¡n¡k~ykcnpr^
ilk~9k^]i+np
A
¬CXY[ni]~ym(^oKBr^ [np^ Bkcqpg$^j[q~ynp[^]¦n¡kcYkY[^~ynoy kcY[^,$^H$\ _EIH$\kh£roKwCilnp\/[q¡g%H$\ _
EIH$kj£¦Y[oBil^/r^]wlknp ^]i$~yw^/^ qp^ \/^ Bki$or 
A
£+~rS^>jsr^>i
(a, b)
^ hnilk$n¡ ~y or[qpgEn 'kY[^ w^/^ jnpilkiiloK\/^
orBkcnpBu[oKui
kcw~9xz^]kcorwg wcoBicicnp[s±icu  ^]iilnpr^ qpg5kY[^/oKwcw^]ic(orjnp[sw^ sKu[q~yw|jor\
~ynpi°npSilk~ykc^/il~K^r£
Da
~y
Db
¬XYnpi|srw~y[Y
¦npq¡q¤m(^j^ [orkc^>
TG
¬
a­kCni+^]~Kilnpqpg$j^]ju ^] ¥wcoK\ kY[^'[wor(^ wckcnp^]i+[wc^>il^]Kkc^>n¡_ic^]8kn¡oK_j¬ kY~9k
TG
ni+^]Kkn¡w^ qpg$[^kc^]wc\/np[^]mBg6kY[^'(oKicnkn¡oK
oy + ¥o[ ~yq²(oKn¡Bki]¬´ orw^|[w^] npic^ qpgr£
(a, b) ∈ E
n¡ ~y5oK[qpgn 
b = a = φ(a)
£[oKw
b ∈ {a + ei | i
iluY5kY~9k
ai = 0
~y
φi(a) > 0} ∪ {a− ei | i
iluY5kY~9k
ai = 1
~y
φi(a) < 0}.
b°mic^ wr^°kcY~yk
a
~r
b
\
~>g5jn¨U^ w~ykor^$ohoKwjnp~ykc^6~9k\/oBizk>£[icn¡ ^
TG
w^ wc^]ic^ Bki'kcY[^$w^ sKu[qp~rwjgh~r\/np]ior[qpgr¬
`wcoK\ zS 	~yª zRV 	8£or[^$]~yj^][u^6kcY[^$wc^>il^ ª^6oy +kcY^6 ¥orqpq¡o9¦n¡s/gj q¡^6or q¡^][sykY
2n
n¡
TG
.
C =
1 · · · 11 −→ 01 · · · 1 −→ · · · −→ 0 · · · 011 −→ 0 · · · 01x
y
1 · · · 10 ←− · · · ←− 110 · · · 0 ←− 10 · · · 0 ←− 00 · · · 0
a­k' ~r/m(^°icY[o¢¦/kY~9kNkcY[^]wc^npiN[o$³[j^]izk~9k^n¡
TG
£h~y_kY~9k
C
nikY[^or[qpg_ gjqp^¦nkY[orujk^>ic]~y[np[s$^>jsr^K¬XY^ ¤£
¦^j^ [orkc^
a1 a2 a3 . . . an an+1 . . . a2n−1 a2n
1 · · · 11 01 · · · 1 001 · · · 1 . . . 0 · · · 01 0 · · · 0 . . . 1 · · · 100 1 · · · 10
l] 	
`u[wlkY[^ w\/orw^r£ªqp^k|ui°¦wnk^
φi = φ(ai)
£(kcY[^ ¥oj]~yq+(ornpKk|or Njor\
~ynp
ai
£U~r
W i
kY[^¦'~rq¡qmª^ k¦'^ ^ Em(o¢j^]i
ai
~y
ai+1
£g o  o nkr^]wcn¡³^>i c`(W i) = c`(Dai) ∩ c`(Dai+1) ¬a±kcY[^° ¥oKq¡qpo9¦n¡s£KkY[^6icu[(^ wic wcnpjk'n¡
ai
\uªizkm(^|u[ªj^ wizkohoj
(^]wcnpojjn ~rq¡qpgK£BicokcY~yk' ¥orw'npilk~r^
a2n+1
¦npqpqU\/^]~y
a1
¬a­k6~y(^]~ywikcY~yk°^>~rYT~rn¡w°oy Nicu ^>icicnpr^izk~9kc^>i
ai, ai+1
npTkcYnpi|gjqp^jn¡¨(^]w°oK[q¡gT~9k°or^ ohorwjnp~9k^r£¦YnpY
¦^j^][oyk^
si
¬Ga­ C\/orw^ o9r^ w¦^j^][oyk^
s±i
¦Y[^ w^
±
nikcY[^ilnpsror 
ai+1si − a
i
si
£[¦YnpYnpi~rqpicokY[^icnpsror 
φisi
£or[^
orm[k~ynpi
i 1 · · · n n + 1 · · · 2n
s±i 1
− · · · n− 1+ · · · n+
l
Q 	
^]^
si
npikcY[^5or[qpgS^>ic]~y[np[s [n¡w^]kcnpor oy mªo¢
ai
£G~  ~r8kkY~9k_]~y ~rqpicoTm(^±¦wnkckc^ ~ri
Iout(a
i) = {si}
¬ D i
ic^ ^  np ic^]8kn¡oK [¬ j£kY[ni
np\/[qpn¡^>i/kY~9k5~yqpqkcw~9xz^]8korwn¡^>i_np ~ joK\/~rnp
ai
q¡^>~>r^Tnk±np3³[n¡kc^Tkn¡\/^r£Bn~ kcY[^ ¦'~yqpq
465a74
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C
KL
	#
	
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W i ⊂ {x |xsi = 0}
£U~r^]Kk^ w|joK\
~ynp
ai+1
¬a­k° µoKqpq¡o9¦ikY~9k|[okcw~9xz^]8korwg ~rT^>ic ~r(^$kcY^ gh q¡^K£a o  o C ni°~ynpB9~rwcn~yBkw^ srnpor¬CXY[ni gh q¡^6niwc^][wc^>il^]Kk^]±oK5³sru[w^_6 ¥orw
n = 3
¬
D w~y[n±npic(^]8kn¡oKicY[o¢¦i'kcYª~9kkcY[^$¦~yqpqpi ~rm(^$j^>ic wcnpm(^]5np~/tBu[n¡kc^$^j[qpnn¡k\
~r[[^ w3.
W i =



∏
j<si
[θ−j , 0)× {0} ×
∏
j>si
(0, θ+j ]
 µoKw
i ∈ {1 · · ·n},
∏
j<si
(0, θ+j ]× {0} ×
∏
j>si
[θ−j , 0)
 ¥oKw
i ∈ {n + 1 · · · 2n}.
@y 	
`wor\kcY^$w^ \
~rwc«u[[^ w^>tBu~9kn¡oK z> 	n¡knioykjn¡§u[q¡kkoj^][u^$kcY~yk^>~rY~rnpwor + ¥o[ ~yq¤(ornpKki
φi
£
φi+1jn¡¨(^]w|oK[qpgT~9k6 ohorwjnp~9k^
si+1
¬ D 8ku~yqpqpgr£UkcY[^]gTr^ wn ¥g
φi ∈ Dai+1
£¤~y oK[^Y~ri|ic^ ^  kY~9k
ai+1
~y
ai+2
or[qpg
jn¡¨(^]w~yk ohorwjnp~9k^
si+1
¬#^  ^r£[kY[^gjqp^
C
i~9kcnil³^]ikcY[^~rq¡npsr[\/^]KkoKjn¡kcnpor l]© 	ic^ ^]n¡T[w^ hn¡oKuiic^]8knpor¤¬
 ^ ~yilk~ykc^6n¡k¦nkYoru[wu[ww^ Kkoyk~ykcnpori.
∀i ∈ {1 · · · 2n}, ∀j ∈ {1 · · ·n} \ {si+1}, φ
i
j = φ
i+1
j .
¯[3	
}^]\/~rwc«±~rqpicokcYª~9kmBg5oKilkcwu8kn¡oK5or[^6Yª~ri' ¥orwkY[^$w^ \
~ynp[np[s/ ohorwjnp~9k^ .
∀i ∈ {1 · · · 2n}, φisi+1 = −φ
i+1
si+1 .
¯K 	
fjn¡ ^oKu[w~rn¡\ npikco±ilkcujgqpnp\_n¡k|gj q¡^>i~rwcnilnp[s/ ¥wcoK\ z
] 	£ª¦n¡kcYTkcY[^Y[^ qpTor kY[^ oKwc^]\2r£ªnk|ic^ ^ \
i~ykcu[w~yq¤kco
oKicnpj^]w'kY[^6 ¥orqpq¡o9¦np[s_\
~y .
T
a1
T
a2n
T
a2n−1 · · ·Ta
2
: W 1 −→W 1
D q¡kcYoru[sKY ^]~KY
Ta
npij^³ª[^] or kY[^¦Y[orqp^
m(oru[ª[~ywg or 
Da
£ic^ ^ ^S 	8£or[^ oricnj^ wi6Y[^ w^/kcY^
w^]ilkcwn8kcnporªi|kco
¦'~rq¡qi
W i−1
orq¡gK£j¦Y[nY¦^$¦wcn¡kc^6^ j[q¡nn¡kq¡g/.
Ta
i
: W i−1 −→ W i
x 7−→
(
φij + (xj − φ
i
j)αj(x)
)
j=1...n
,
@y© 	
¦Y[^]wc^K£[~rinp LQ 	8£
αj(x) = αj(xsi) =
(
φisi
φisi − xsi
) γj
γsi
.
}^]\/~rwc«TY^ w^kcY~yk6kcY[^
^j[w^]icicnporEoy 
αj
j^ (^ ª[i6orEkY[^/hu[\m(^ w
i
oy kcY[^/w^ sKn¡oKEu[j^]w$ oricnj^ w~9kn¡oK¤¬o¢¦½
^ r^]w]£[kcYnpiwc^]srnpor¦npq¡q~yqp¦'~¢gjim(^qp^]~rw ¥wcoK\ kcY[^orBkc^ Bk>£ª~r¦'^6kYBuiqp^]~¢r^6kcY[nij^](^ [^ ^Y[n[j^ ¤£U~>roKnp[n¡[s
[ork~9kn¡oKiiluY~Ki
αij(x)
¬
R1
>  $H 9FwRm
90L|  5=F3\8H(8,:#2 :B 9:M"8 2=
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X+o ³k_kcY[^YBgh(oykY[^]ic^]ior kY[^ oKwc^]\.r£Gor[^5\uilk
oKilnj^]w_~SqpoKic^] [or\
~ynp or kcY[^5 ¥orw\
[0, p], p ∈ Rn+
£N¦nkY
[oK[^ \/jkzg±n¡Bkc^]wcnporw>£j~ricn¡ ^|kY[^$¦'~yqpqi~rwc^
n− 1
jnp\/^ icn¡oK~yq@£hkcY^ npwnpKk^ wn¡oKwni^]\/jkgK¬
XY[^]wc^  µoKwc^K£²or[^_\
~¢g³wilk6[wo9xz^>8k
W 1
ko
R
n−1 £+~yS[wcoKEoru[k|kY[^_³wizkohoKwjnp~ykc^r£²¦Y[npY npi W ^]wcoª¬fjn¡\/npqp~rwcqpgr£kcY^ w^6npi[o/qpoKiin¡Tilu[[wc^>icicnp[skcY^
si
kYTohorwjnp~9k^|oy (ornpKkinp
W i
£ilnp^$nk^>tKuª~yqiW]^ wo_mBg5 orilkcwu8kn¡oK¤¬
fh^>or¤£h^]~KY
Ta
i Yª~ri~y±^ hkc^ ªilnporkokcY[^$qpoKicu[wc^
c`
(
W i−1
) £[j^³[^>±mBg±oKKkn¡hu[nkzgoy kcY[^6^j[w^]iilnpor @y© 	8¬GXo
oK\/(oKic^kcY[^>il^/^hkc^]icn¡oKi £²oK[^_Y~Ki°kcoY[^]«TkcY~yk$^]~rYSoy NkcY^ \ \
~ri
c`
(
W i−1
) ko
c`
(
W i
) ¬/fhnp^_kcY^/¦'~yqpqpi
kcY^ \
il^]q¡r^>i~yw^| orwwc^>8kq¡g
\/~r[(^]¤£[~y~yw^|[wojjuki'or +oK[^6icnp[srqp^kor
{0}
~yª±or ic^ sr\/^]Kkioy +kcY[^6 ¥orw\
(0, θ+j ]orw
[θ−j , 0)
£Nnk
icuj§^]ikco Y[^>« kcY~yk_kcY[^(oKn¡Bki_oy 
c`
(
W i−1
) Yª~>hnp[sS~yk_qp^]~rilk_or^ohorwjnp~9k^^>tBu~yqko
0
~yw^
\
~y[(^>±ko
c`
(
W i
) ¬
fhoª£+qp^k
x ∈ c`
(
W i−1
) iluY kcYª~9k
xj = 0
¬ fhnp^
c`
(
W i−1
)
⊂ {x |xsi−1 = 0}
nknpiw^ qp^ y~yBk$kcoEoKilnj^]wor[qpg
j 6= si−1
¬|XY[^ ¤£
Ta
i
x ∈ c`
(
W i
) n z£²~rTorq¡gn¡ z£U^]~KYEojorwjn¡ª~9kc^
Ta
i
k x
m(^]q¡oK[sKikcokY[^[wcoyxz^>8kcnpor npEjnpwc^>8kn¡oK
k
oy 
c`
(
W i
) £¤¦Y[nY npi6^]nkY[^ w
[0, θ+k ]
orw
[θ−k , 0]
¬ %¤^kui$ ~rq¡qCkcY[ni$ic^ sK\/^ Kk
Ik
kcoTicn¡\/[qpn ¥g kY[^/^j(oBiln¡kcnpor¬_XY[^
^j[qpnn¡k_ ¥orw\u[qp~EsKn¡r^]n¡ @y© 	_ilY[o9¦ikcY~yk_kcY[^TohoKwjnp~ykc^±\
~y
Ta
i
j
j^](^ [i_oK[qpg oK9~rwcn~ym[qp^]i
xj
~y
xsi
¬
^]^K£(n¡ 
j 6= si
£(or[^or[qpgY~riko±Y[^>«¦Y[^ kcY[^]w
Ta
i
j x ∈ Ij
£(¦Y[npqp^n 
j = si
~rq¡q ohorwjnp~9k^]i\uilk°m(^Y[^>«r^>²¬
XY[^>il^|kz¦o
]~ric^]isrnpr^
 a­  j 6= si £ Taij x = (1− αj(x))φij
¬`[wor\ kcY[^np[^]tBu~rq¡n¡kcnp^]im(^kz¦^ ^]
xj
£
φij
~yª
θj = 0
£ªnkni^>~ricn¡qpg5Y[^]«r^]
kcYª~9k
αj(x) ∈ (0, 1]
¬N´Torw^ o9r^ w]£B ¥orw
j 6∈ {si} = Iout(a
i)
£
φij
npin¡
Ij \ {0}
¬GXY[^]¤£
Ta
i
j x ∈ Ij
 ¥oKq¡qpo¢¦i^>~ricn¡qpgr¬
 a­  j = si £¢w^ \
~yw«³wilk¤kcY~yk x ∈ c`
(
W i−1
)
∩c`
(
W i
) ¬+XY^ 
Ta
i
si x = 0 ∈ Ij
¬´Torw^ o9r^ w>£ ¥oKw+~yhg
k ∈ {1 · · ·n}
£
αsk(x) = 1
£ilo_kcY~yk
Ta
i
k x = xk
£jkcY~yknpikcoic~¢g
x
npi~³[j^]ªoKnpKk]¬
a­k ¥orqpq¡o9¦ikY~9k°np ~yhg ~Kil^K£
Ta
i
x ∈ c`
(
W i
) £U~ri~>¦'~rn¡kc^]²£(~y¦^orªilnj^ wo¢¦ kcY~ykkY[^\/~ri
Ta
i ~rwc^j^ ³[^]
or5kY[^qpoKicu[w^|oy ¦'~rq¡qi]¬
`n¡ª~yqpq¡gK£[wcoK(oKicnkn¡oK np\/[q¡np^]ikcY~ykkcY[^±n¡\
~rsr^
Ta
i (
c`
(
W i−1
)) npi~rq¡¦~>gji$ orBk~ynp[^> n¡ kY[^±icu[mic^kor 
c`
(
W i
)
¦Y[oBil^6(ornpKkii~9knpil ¥g
sign (φisi−1 − xsi−1) = sign (φ
i
si−1).
¯] 	
XY[niCw^]ilkcwnpkcnpornpin¡qpq¡uªizkw~ykc^]or³sruwc^h¬fhnp^oru[wn¡Bkc^]wc^>izkniCnpkcY[^n¡kc^]w~ykc^]iCoy ªkcY[oBil^\
~yi]£y¦^ilY[oKu[qw^]ilkcwnpk
kcY^ \ kco
icuYicu[mil^ ki]¬
aTilu\_\
~rwcgK£BkY[w^ ^$icn¡\/[qpn¡³ª ~ykcnpori]~ym(^$[or[^ .
 XY[^ si kcYTojorwjn¡~ykc^|oy  x ∈W i ]~ym(^ilu[[wc^>icic^]±¦n¡kY[orujkqpoKii'or n¡[ ¥orw\/~ykcnpor
 XY[^6kcw~yicn¡kcnpor5\
~ri ~rm(^$j^ ³[^]oK5kcY[^qpoBilu[w^|oy ¦~yqpqpi]¬
 b°[qpg
kY[^$(ornpKkir^]wcn¡ ¥ghn¡[s ¯] 	]~ym(^6w^]~KY^]±mBg
Ta
i ¬
XY[^G[ork~ykcnpor
W̃ i
¦n¡qpqrm(^Guic^]|kcoj^][oyk^CkY[^N[or\
~ynpi²oKmjk~rn¡[^>6~9 µk^ w¤kcY[^>il^kY[w^ ^Nilnp\/[q¡n¡³ª]~9kcnporªi ¬+´Torw^^j[qpnp nkq¡g
W̃ i
npi+oKmjk~rn¡^]6 ¥wor\ @y 	¤mBgilu[[w^]icicnp[skY[^
{0}
k^ w\£¢uªilnp[s|qpoKic^]$npKkc^]wcy~yqi £9~yw^ [q~r n¡[s\/orw^ o9r^ w
[θ−si−1 , 0]mBg
[φ−si−1 , 0]
£[orw
[0, θ+si−1 ]
mhg
[0, φ+si−1 ]
¬B`[orw^ j~r\/[q¡^ .
W 1 = {0} ×
n∏
i=2
(0, θ+i ],
ico_kcY~yk
W̃ 1 =
n−1∏
i=2
[0, θ+i ]× [0, φ
+
n ].
~rY
W̃ i
ni~_w^]8k~y[sKu[qp~rw'w^ sKn¡oK5np
R
n−1 ¦n¡kcYor[^]\_jkzg5n¡Bkc^ wnporw>£[izkn¡qpq]~yqpq¡^>5¦'~yqpq¤n¡kY[^ic^]tBu[^ q@£~y5kcY[^[w^] ^]jnp[s/[npiuiicn¡oKicY[o¢¦i'kcYª~9k^]~KY\
~y
Ta
i n¡ªju^>i~_¦'^ qpq¤[^³[^>5\
~r
T̃
ai : W̃ i−1 → W̃ i.
}^]\/~rwc«6kY~9kG~yq¡kcYoru[sKY(ornpKkinp
W̃ i−1
jo|[orkCY~¢r^~
si−1
kcY/ohoKw[n¡~ykc^K£
T̃a
i
si−1
npij^³^]uicn¡[s|^ j[wc^>icicnpor-@y© 	8£
¦n¡kcY
xsi−1 = 0
¬ %^kui¦wcn¡kc^6n¡k^j[qpnn¡kcqpg ¥orwq~9kc^]w[u[w(oKic^ .
T̃
ai
si−1x =
(
1− αsi−1(x)
)
φisi−1
@IV 	
465a74
8
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i
j
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o9¦$£[¦^$j^ ³[^~_\
~y
T = T̃a
1
T̃
a2n
T̃
a2n−1 · · · T̃a
2
: W̃ 1 −→ W̃ 1
@y 	
b°u[w~ynp\ ¦n¡qpq¤m(^|ko
Y[^]«
kY[^$YBgh(orkcY[^>il^>i'or +kcY[^]orw^ \ 6 ¥orwkcYnpi\
~y
T
¬
  f#dgf#d $ j¢' ' » ( » º 0 0¯
%¤^ k'ui[o9¦ oKicnpj^]wY[o¢¦
W̃ i
\
~¢g/m(^°~ywckcn¡kcnpor^]~r]oKwjnp[s$kcokY[^|icn¡sK~9kckc^]wc±oy 
φi− x
¬"`orqpqpo¢¦np[s!¯] 	£BkcY[^
ojorwjn¡ª~9kc^
si−1
or CkY[ni°icnpsrTni³[j^>TmBgTorilkwcukcnpor¤¬ D i ¥orwkcY^ ohorwjnp~9k^
si
£(n¡k°Y~Kim(^]^ Eicu[[[w^]iic^] ¥wcoK\
W̃ i
mBg oKizkwu8kcnpoK¤¬$b° kcY^orkcY[^ w|Y~r²£U[wor(oBiln¡kn¡oK ©np\/[qpn¡^>ikcYª~9k|kcY[ni|icnpsr ni°[ork6oKizk~yBk ¥oKw|~rBgoykY[^ w
ojorwjn¡ª~9kc^
j
¬GXY[^ ¤£j^][oykn¡s
Ji = {1 · · ·n} \ {si−1, si},
n¡kC ¥oKq¡qpo¢¦ikcY~ykCkY[^~rm(o¢r^'\/^ Bkcnpor[^>wc^]srnpori\
~>gm(^[^]iwn¡m(^>uicn¡[s$icn¡sKr^]kcorwinpkcY[^³[n¡kc^il^ k
Σi = {±1}
Ji
¬
1^>8kcoKwinp
Σi
¦n¡qpq[kcY[^]
Y~>r^kY[^ npwN ohorwjnp~9k^]iCn¡[^j^]/mBg
Ji
£K¦Y[nY/¦npq¡qwco9r^\/orw^ orBK^ [np^ KkGkcY~r/npj^ hnp[s
kcY^ \ mBg
{1 · · ·n− 2}
¬B`[orw~rBg±icnpsr~9kckc^]wc
σ ∈ Σi
£[qp^kuij^³[^~/ orwwc^>il(or[n¡[s W]or[^1
Z
i(σ) = {x ∈ W̃ i | ∀j ∈ Ji , sign (φ
i
j − xj) = σj}.
o9¦$£h ¥wcoK\ kY[^|kcw~yªilq~9kn¡oKor ~yqpq(kY[w^]icY[orq[ikcoW ^ wo£BkcY^6orwn¡sKn¡±or 
R
n−1 m(^ qporsKikco_^]r^ wg
¦'~yqpq W̃ i ¬G´ToKwc^]o¢r^]w]£[o± ¥oj ~yq(ornpKk|Y~¢r^~±ojorwjn¡ª~9kc^^>tKuª~yqko W]^ wo¬^  ^r£UorE^]~rY ¦'~yqpq
W̃ i
£(kcY[^]wc^npi|~u[nptBu[^W oK[^ orKk~ynp[np[s
kcY^$orwn¡sKn¡5orn¡kim(oKu[[~rwcgK£j~yª±kcY[^ orwwc^>il(or[n¡[s/ilnpsrr^]kcorwnp
Σi
ni
σi =
(
sign (φij)
)
j∈Ji
@FS 	
 ^N¦npq¡qBic^ ^N[o9¦ kcY~ykkcY^]ic^Gª~ywckcnu[q~ywW oK[^]i]£>Y~¢Bnp[skY[^Norwnpsrnp6or$kcY[^]n¡w+m(oKu[[~rwcgK£>n¡$  ~rk~9kckcw~rk+~yqpqykw~9xz^>8kcoKwcnp^]i
oy kcY^icghilkc^]\£~y5kcY^ w^ \
~rn¡npBy~ywnp~rKk]¬ D ikY[^ g5¦npq¡qm(^6kcY[^or[qpg W oK[^]i¦^oKilnj^ w^]r^ Bkcu~rq¡qpgr£[¦'^ilnp\/[q¡g
j^][oyk^ .
Z
i = Zi(σi).
R1
]  $H 9FwRm
}^]\/~rwc«
kY~9kkcY^$[^³[n¡kcnporor +kcY[^>il^iW oK[^]i~y^]tBu~9kn¡oK @y 	'~rqpq¡o9¦  ¥orw~_\/orw^6^j[qpnp nk ¥orw\u[q~9kn¡oK7.
Z
i =



∏
j<si
[φ−j , 0]×
∏
j>si
[0, φ+j ]
 ¥oKw
i ∈ {1 · · ·n},
∏
j<si
[0, φ+j ]×
∏
j>si
[φ−j , 0]
 ¥oKw
i ∈ {n + 1 · · · 2n}.
@y 	
  f#dgf  _] 9[y3'  ·  ( ¼ ' (  jj '¯ ( 
 · ' » ( 
$  »&%N» ' ' »)(   f kiwR(
Z1
#$LH$I_{+<ilkG	*$-G)_(	\ 	 j *
T

T
(
W̃ 1
)
⊂ Z1.
 H
1 o `wcoK\ z] 	~y l
Q 	'n¡k ¥orqpq¡o9¦ikcY~yk sign (φ1) = (−1, 1 · · · 1) ∈ {±1}n ¬XY[^]¤£ s1 = 1 ~y s0 ' s2n = nnp\_q¡np^]i
J1 = {2 · · ·n− 1}
¬GXY^ ¤£
σ1 = (1 · · · 1) ∈ {±1}J1
£~y
Z
1 = {x ∈ W̃ 1 | ∀j ∈ J1 , xj < φ
1
j}
=
n∏
j=2
[0, φ+j ],
icnp^
φ1j = φ
+
j
 ¥orw
j ∈ J1
¬
%¤^ k
x1 ∈ W̃ 1
¬akcY[^6 ¥oKq¡qpo¢¦np[s/¦^$j^][oyk^
xi = T̃a
i
xi−1
 ¥oKw
i > 2
£[ico_kcY~yk
Tx1 = x2n+1
¬{qp^]~rwcqpgK£
xi ∈ W̃ i
 ¥orw
~yqpq
i
¬
o9¦$£K ¥oKw^]~KY
i ∈ {1 · · · 2n}
£BkY[^|~yqpn¡sK[\/^ Bk'oKjn¡kcnpor ¯[	~y/kY[^°^ hwc^>icicn¡oK @y© 	Goy 
Ta
i np\/[qpg_kcY^ ¥orqpq¡o9¦np[s
oKic^ w9~9kn¡or5oy Cicn¡sKi .
∀i ∈ {1 · · · 2n}, ∀j 6= si+1, sign (φ
i
j − x
i
j) = sign (φ
i+1
j − x
i+1
j ).
aT~rwlknp u[q~yw ¥orwkY[^
n
q~rilk°jor\
~ynpioy CkY[^ gjqp^
C
£(wc^]\/~rwc«hnp[s_ ¥wor\ k~ym[qp^-l
Q 	'kY~9k
sn+i = i
£kY[^~ym(o9r^$Y~ri
kcY^6 ¥orqpq¡o9¦n¡s/oKic^]tBu[^ ª^ .
∀i ∈ {1 · · ·n}, ∀j < i + 1, sign (φn+ij − x
n+i
j ) = sign (φ
n+i+1
j − x
n+i+1
j ).
XY[ni^>tBu~yqpnkzg5 ~ym(^$[wcoK~ysB~9kc^>²£hn¡kcY^$ic^ ªil^|kY~9k
sign (φn+11 − x
n+1
1 ) = sign (φ
n+2
1 − x
n+2
1 ) = . . . = sign (φ
2n
1 − x
2n
1 ) = sign (φ
1
1 − x
2n+1
1 ),
sign (φn+22 − x
n+2
2 ) = sign (φ
n+3
2 − x
n+3
2 ) = . . . = sign (φ
2n
2 − x
2n
2 ) = sign (φ
1
2 − x
2n+1
2 ),¬¬¬
sign (φ2n−1n−1 − x
2n−1
n−1 ) = sign (φ
2n
n−1 − x
2n
n−1) = sign (φ
1
n−1 − x
2n+1
n−1 )
sign (φ2nn − x
2n
n ) = sign (φ
1
n − x
2n+1
n )
o9¦$£ilnp^
xn+i ∈ W̃n+i
£~rilnp ^¯] 	'nii~9knpil³^>±oK
W̃n+i
mhg5j^³nkn¡oK¤£[or^6ormjk~ynpi
sign (φn+i+1i − x
n+i+1
i ) = sign (φ
n+i+1
i ), i ∈ {1 · · ·n}.
¯Q 	
{or\mn¡[np[s_kY[ni¦nkY5kY[^$[w^ hn¡oKui'qpnizkoy ^>tBu~yqpnknp^]isrnpr^]i
sign (φ1i − x
2n+1
i ) = sign (φ
1
i ), i ∈ {1 · · ·n},
¦Y[nY^[~K8kcqpg\/^]~ri
x2n+1 = Tx1 ∈ Z1
£~ri^j(^]kc^>²¬
b°^\
~>g_[o9¦ orªilnj^ wGkcY^wc^>izkwcn8kn¡oK/oy 
T
kco
Z1
¬ D 8ku~yqpqpgr£KkcY[^°[wc^]BnpoKui[wor(oBiln¡kcnpor/np\/[q¡np^]iGkY~9k'Y[oBilnp[s
~yhgn¡[n¡kcn~yqCorªjnkn¡oK
x1 ∈ W̃ 1
£ªkcY^kcw~9xz^]kcorwg
{Tmx |m ∈ N}
npi°oKKk~ynp[^]np
Z1
£(^ j ^ jk°\
~¢ghmª^ ¥orw
x1
¬°fjo£
kcY^ w^6npi[o/qpoKiioy sr^][^ w~yqpn¡kg
npTYoKicn¡[s/n¡[n¡knp~rq¤ or[nkn¡oKin¡kcYnpinpBy~ywnp~rKkicu[mic^kor[qpgK¬
 ^_]~yS~yqilo±r^]wcn¡ ¥gkY~9k>£UoKE^]~rY ¦~yqpqC~yqpq+kcw~9xz^]kcorwnp^]ioy icghilkc^]\ l+S 	~rwc^^]r^ Bkcu~rq¡qpgToKKk~ynp[^] np kcY^w^ sKn¡oK
Zi
¬GXY[npi  ~rkni~/orªil^>tKu^ ^6oy [wor(oBiln¡kcnpor ]
~y5kcY[^6 ¥oKq¡qpo¢¦np[s).
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N73	1B90K0KQK "S
	  SIB;P :	(KG)N :;
	   S
i
Z
i :N1,F	+	M:*	)*3KU*F/

	)	'I 	
	+"*F	C7% 4 .	
. /T :	 "F
	 :@L +	+. N<	  "K:2KFT 4 B90K0 	NG	: 2N0K0 4M&<0K0
K: %FKL
	 " NI
$  »&%N» ' ' »)( f  $l
i ∈ {1 · · · 2n} r T̃ai (Zi−1) ⊂ Zi o
 H
1 o %¤^ k x ∈ Zi £[¦Y[nYmBg5j^ ³[n¡kcnpornpi^]tBu[np9~rq¡^]Kkkco
∀j ∈ {1 · · ·n} \ {si−1}, sign (φ
i
j − xj) = sign (φ
i
j).
 ©K 	
`n¡wilk]£ormic^ wr^kcY~yk$np jn¡\/^]ilnpor
n = 2
£
Ji = ∅
mBgSj^ ³[n¡kcnpor ~yEkYBui
Zi(σ
i) = W̃ i
¬XY[^ w^_ni6oykcYn¡[skco
[wo¢r^6n¡kcY[ni ~Kil^K£[~y5oK[^|kcYhui~riicu[\/^]i
n > 3
n¡kcY^$wc^>izkoy kcY[^$[wohoy z¬
`wcoK\kcY[^~rq¡npsr[\/^]Kk orjn¡kcnpoK @j3	'or[^6sK^ki]£
∀j 6= si, φ
i
j − T̃
ai
j x = (φ
i−1
j − xj)αj(x).
fhnp^
αj(x) > 0
£juªilnp[s ¯©r 	'q¡^>~r[i'ko
∀j ∈ {1 · · ·n} \ {si−1, si}, sign (φ
i
j − T̃
ai
j x) = sign (φ
i−1
j ) = sign (φ
i
j).
`wcoK\ ¯] 	'n¡knpin¡\/\/^][np~ykc^6kcY~yk
sign (φisi−1 − T̃
ai
si−1x) = sign (φ
i−1
si−1) = sign (φ
i
si−1),
¦Y[nYkc^]wc\/np~9k^]i'kY[^$[wohoy z¬
XYnpi[wor(oKicn¡kcnpor~yqpq¡o9¦i'uikcooKilnj^ wor[qpgkcY[^$w^]ilkcwnpkcnpori.
T̃
ai : Zi−1 → Zi
np5kY[^6 ¥orqpq¡o9¦np[s¬"`n¡sKu[w^6©/icY[o9¦ikY[^jor\
~rn¡i
Zi
oK~
3
[n¡\/^ ªilnpor~rq²^[~y\/[qp^r¬
90  "8 235=y;,
XY[^$\
~ynpw^]icu[q¡koy kcY[ni~rª^]w¦npq¡q¤^>icic^ Bkcn~yqpq¡g± oricnizknpT~y[[qpghnp[s_kcY[^]orw^ \ 6kco/ ¥^ ^][m~r«±q¡ohoKicgjizk^ \
ior +kcY[^
 ¥orw\ l] 	8£²oKw°^>tBu[n¡y~yqp^ Kkq¡g,zS 	8¬ D \/or[s±kY[^_YBgh(oykY[^]ic^]iko5m(^/Y[^>«r^>²£(kY[^/oK ~¢hnkzgTorªjnkn¡oK
(C)
¦npqpqCm(^
r^ wn¡³^]5¦nkYkcY[^~rnp5or +kcY[^6 ¥oKq¡qpo¢¦np[s/q¡^]\/\/~¬
R1
]  $H 9FwRm
 N·    (f h 
p, q, r ∈ R̊n+ o
h G$
T : [0, p] → [0, q]
$	
M : [0, q] → [0, r] j t!"@	 >H L$ j J-%$I_TEi$#_ *_yE (	_L
(M)
ilk H-+* o  RIlk$ $\* 1 lk) (	 H	I	I_{+$L_{1 T $(	
M
$1X+__{+ r $(	U_k\$ $<J $+(Gilk- #i(^EF$L_{ r  j _k -%$F(_TE ok r lk_ ->+_, MT : [0, p]→ [0, r] $#lx< (M) $	 (C) o
 H
1 o XY[^$wc^>iluqkniormjk~ynp[^]± ¥wor\kY[^Y~ynpwcuq¡^K¬)%¤^ k x ∈ [0, p] ¬GXY^  Tx ∈ [0, q] ~r
D (MT ) (x) = DM (Tx)DT (x).
`wcoK\ kcYnpi'^ j[wc^>icicnpornkniqp^]~ywkcYª~9k'kcY^6or\/(oBiln¡kc^
MT
i~9kcnil³^]i
(M)
n¡ +m(oykY
T
~r
M
joª¬o9¦$£hsrnpr^ ±srnpr^ 
~yhg
x < y
np
[0, p]
£Uorªjnkn¡oK
(M)
oK
M
n¡\/[qpn¡^>i
Tx < Ty
£ªmBg\/or[orkcoK[np nkzg5oy ^]~KY ohoKwjnp~ykc^| ¥u8kn¡oK
Ti
£
Mi
¬
XY[^]kcY[^[or[(oBiln¡kcnphnkzg±oy il^>orª5orwj^ wj^ wnp9~9kn¡r^>i'sKn¡r^>i
DM(Ty)  DM(Tx)
¬NXY[^]uilnp[s
m(oykcYT orjn¡kcnpoKi
(M)
~yª
(C)
or
T
£~y or[nkn¡oK
(M)
or
M
£hkY[^Y~ynpwcuq¡^6^ j[wc^>icicn¡oK±qp^]~K[i'kco
D (MT ) (y) = DM (Ty)DT (y)  DM (Ty)DT (x)  DM (Tx)DT (x) = D (MT ) (x).
 ^~yw^|[o9¦en¡srojoj(oBiln¡kcnpor5kcoizk~9k^6oru[w\
~ynpw^]icu[q¡k]¬
b)c ·h»  · edgf  	I)lk-$ 
T : Z1 → Z1
	ILxB	U_Zlk(H{
y   o
pZq  n = 2 r lk ∀x ∈ Z1, Tmx→ 0 !sk m→∞ o
pZq  n > 2 r lk _k\HtuF# LK$@\v\K(ywRHxsuy 	U_  q = Tq o zZH{+ r q ∈ Z̊1 $(	 {*
x ∈ Z1 \ {0} r Tmx→ q $+ m→∞ o
 H
1 o XY[^[wcojoy oKicnpilki$n¡ Y^]«Bnp[skcY[^Yhgh(oykcY^]il^>i$oy 'kcY^ orw^ \ r£¦Y[nY kcY[^] ghnp^ q[i$[w^] npic^ qpg kcY[^±~rm(o¢r^[wor(oBiln¡kcnpor¤¬
`n¡wilk]£ªkY[^u[[(^ w6orw[^]wor 
Z1
nikcY^(oKn¡Bk
(φ+2 . . . φ
+
n )
£U¦Y[npY m(^]q¡oK[sKikco
R̊
n−1
+
¬|fh^>orª²£(n¡k°ni° q¡^>~yw ¥wor\ kcY[^
^j[w^]iicn¡oK @y© 	kY~9k'^>~rY
T̃a
i npi
C1
¬ ^]^K£
T
ni
C1
or[^kY[^°¦Y[orqp^w^]8k~y[sKq¡^
Z1
¬Ca­kN ¥oKq¡qpo9¦iGnp±~ywckcnu[q~ywNkcY~yk
DT(0)
ni¦'^ qpq¤[^³[^>²¬
fhnp^6kY[^$[wcojoy +ni~_qpnkckcqp^$qp^ [srkcYBgK£[nk¦npq¡q¤m(^izkwu8kcuwc^>±npkcY[w^ ^6ª~ywcki]¬
$  · 0 ' ,' ( j ¸  c  ( ª·E»   [j ' j	0 · Ff
`'^ ¥oKwc^/Y[^>«hnp[s5kcY^/YBgh(oykY[^]ic^]i|or NkcY[^]orw^ \ y£nk$¦npqpq[wco9r^_ orhr^ [np^ Bk|ko~y[q¡gE~5qpoj ~rq+kw~ril ¥orw\/~ykcnpor
ρi :
Zi → Pi
~9k^]~rY¦'~yqpq¯£iluªY5kY~9k
Pi ⊂ Rn−1+
¬GXY[ni¦n¡qpq~yqpq¡o9¦uikcoj^]~rq²¦nkY[orj½­[^]sK~9kn¡r^|y~ywnp~rm[q¡^>ioK[qpgr¬
D  oKw[n¡[s ko ¯TS 	£
σij
j^][oyk^]ikcY^icnpsr or 
φij
£ ¥orw
j ∈ Ji
¬ `wcoK\  ©K 	£
φij
~r
xij
Y~>r^±kcY^i~y\/^ilnpsr£C ¥orw
xi ∈ Zi
¬  ^~yqilo
[oyk^
σij
kcY[^icnpsroy 
φij
¦Y[^]
j ∈ {si−1, si}
¬'XY[^]¤£ªicnp\_q¡g[^³[^$kY[^
j
kcY  ohorwjnp~9k^|or kcYnpi
kcw~yªiz ¥oKwc\
~9kn¡oK5~ri
ρij(x) = σ
i
j xj .
 ©3	
aoykY[^ w¦orw[i]£
ρi
nixzuizk~\uqkn¡[qpn ~9knpormBg5~_jn~ysKor~rq(\
~9kwcn¡²£h¦Y[oBil^
j
kcY^ Kkwcgni
σij ∈ {±1}
¬GXY[ninp\_q¡np^]i
kcYª~9k
ρi
npiNnpBr^]wlkn¡m[qp^r£h~r/^>tKuª~yqiGnkiNnpBr^]wic^r¬ ^ ª^¦^°~rqpico[^ [oyk^
ρi
kcYnpin¡hr^ wil^ .
ρi : Pi → Zi
¬Nb°[^\
~¢g/~yqilo
 ¥orw\u[q~9k^
Pi
^j[qpnp nkq¡g/.
P
i =
∏
j 6=si
[
0, |φij |
]
.
 ©B 	
a­knik^ \/jkn¡[s[o9¦ekco[^³[^\
~yi
M(i)
£mBg±kY[^orªjnkn¡oKkcY~ykkY[^$ ¥orqpqpo¢¦np[s
[np~rsrw~y\ oK\_\u[kc^]i]£[ ¥orw~rBg
i ∈ {1 · · · 2n}
.
Zi−1
T
ai
−−→ Ziy ρi−1
y ρi
Pi−1
M
(i)
−−−→ Pi
¯©r© 	
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 n¡kcY kcY^/wc^]Bnporuªi|wc^]\/~rwc«ToK
ρi
kcYnpi$\
~>gS~yqilom(^
¦wcn¡klk^  ~Ki
M(i) = ρi Ta
i
ρi−1
¬±{oK\/(oKicn¡[s5kY[^
[np~rsrw~y\
i
~ym(o9r^° ¥oKwilu]^]iicn¡r^
i
£~yicnp^
ρ1 = ρ2n = id
£[or[^6sK^ki
P1 = Z1
£~yª
T = M(1)M(2n)M(2n−1) · · ·M(2)
¯©] 	
`orw~yhg
x1 ∈ P1 = [0, p]
¦^$¦wcn¡kc^
xi = M̃(i)xi−1, i > 2
¬B`[wor\wcoK(oKicnkn¡oKKVj£[or^6sr^ki
xi ∈ Zi
¬
N~KY
M(i)
 ~rm(^6^ hwc^>icic^]5ojorwjn¡ª~9kc^ ½@¦nil^ .
M
(i)
j x = σ
i
jφ
i
j + σ
i
j
(
σi−1j xj − φ
i
j
)
(
φisi
φisi − σ
i−1
si xsi
) γj
γsi
j 6= si.
`wcoK\kcY[^]n¡w_j^³nkn¡oK¤£kcY[^
σij
i q¡^>~ywq¡g ic~ykcniz ¥gSkcY[^5~yqpnpsr[\/^ BkoKjn¡kcnpor ¯[	 .
σij = σ
i−1
j
 ¥oKw
j 6= si
¬Ta­k_~yqilo
oK\/^]i' ¥wcoK\ @r 	kcY~yk.
σisi = −σ
i−1
si
¬ ^ ^K£[or[^$~rqpico_Y~Ki .
M
(i)
j x = |φ
i
j |+
(
xj − |φ
i
j |
)
αj
(
σi−1si xsi
)
j 6= si,
 ©TV 	
¦Y[^]wc^
αj
(
σi−1si xsi
)
=
(
φisi
φisi − σ
i−1
si xsi
) γj
γsi
=
(
|φisi |
|φisi |+ xsi
) γj
γsi
/» (+»  » ( '  '  ¸  ( ¼  » ( r  7'¥ ¸ f
b°[^$ or\/[ujk^]io¢¦.
∂M
(i)
j
∂xk
(x) =



αj
(
σi−1si xsi
) n 
j = k
γj
γsi
|φij | − xj
|φisi |+ xsi
αj
(
σi−1si xsi
) n 
k = si
0
oykcY^ w¦npic^
.
¯©r 	
~yª
∂2M
(i)
j
∂xm∂xk
(x) =



−
γj
γsi
αj
(
σi−1si xsi
)
|φisi |+ xsi
n 
j = k, m = siorw
k = si, m = j
−
γj
γsi
(
1 +
γj
γsi
)
|φij | − xj
(|φisi |+ xsi)
2
αj
(
σi−1si xsi
) n¡ 
m = k = si
0
oykY[^ w¦nil^
.
¯©TS 	
b°[^6ic^ ^>ikcY~yk
M(i)
nir^ wgilnp\/n¡q~yw'ko
Ta
i £[icokcY~yk^]tBu~ykcnpori~ym(o9r^|~rwc^6izkwcoK[srqpg/w^ \/np[npi^]Kkoy  l] 	'~y lr3	8¬
%¤^ kui'^]9~rq¡u~ykc^k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